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3.1 In tro duction

Although a still image is a rich source of visual information, it is a sequenceof such images that
has captured the imagination of cinematographers,home video enthusiasts and, more recently , video
loggers(vloggers). The successof video as a medium is primarily due to the capture of motion; while
a single image provides snapshotof a scene,a sequenceof imagesalso recordsscene'sdynamics. The
recordedmotion is a very strong cue for human vision; we can easily recognizeobjects as soon as they
move even if they are inconspicuouswhen still. Motion is equally important for video processingand
compressionfor two reasons. First, motion carries information about spatio-temporal relationships
between objects in the �eld of view of a camera. This information can be used in such applications
as tra�c monitoring or security surveillance (Chapter 19), for example to identify objects that move
or those entering/leaving the scene.Secondly, image properties, such as intensity or color, have a very
high correlation in the direction of motion, i.e., they do not change signi�cantly when tracked over
time (the color of a car doesnot changeas it movesacrossthe camera�eld of view). This can be used
for the removal of temporal redundancy in video coding (Chapters 9-11). Motion can be also used in
temporal �ltering of video (Chapters 2 and 4); one-dimensional�lter applied along a motion tra jectory
can reducenoisewithout spatially blurring a frame.

The aboveapplications require that imagepoints beidenti�ed asmoving or stationary (surveillance),
or that it be measuredhow they move (compression,�ltering). The �rst task is often referred to as
motion detection while the latter as motion estimation. The goal of this chapter is to present today's
most promising approachesto solving both. Note, that only two-dimensional(2-D) motion of intensity
patterns in the image plane, often referred to as apparent motion, will be considered. 3-D motion of
objects will not be treated here. Motion segmentation, i.e., the identi�cation of groups of imagepoints
moving similarly, is treated in Chapter 6.

The discussionof motion in this chapter will becarried out from the point of view of video processing
and compression.Necessarily, the scope of methods reported will not be complete. In order to present
the methods in a consistent fashion, a classi�cation will be made basedon models, estimation criteria
and search strategies used. This classi�cation will be intro duced for two reasons. First, it is essential
for the understanding of methods described here and elsewherein the literature. Secondly, it should
help the reader in the development of his/her own motion detection or estimation methods.

In the next section, the notation is established, followed by a brief review of sometools needed.
Then, in Section3.3, motion detection is formulated as hypothesistesting, MAP estimation and varia-
tional problem. In Section 3.4, motion estimation is described in two parts. First, models, estimation
criteria and search strategies are discussed.Then, �v e motion estimation algorithms are described in
more detail, of which three are basedon modelssupported by the current video compressionstandards.
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Both motion detection and estimation are illustrated by experimental results.

3.2 Notation and preliminaries

Let I : 
 � T ! R+ be the intensity of image sequencede�ned over spatial domain 
 and temporal
domain T . Let x = (x1; x2)T 2 
 and t 2 T denote spatial and temporal positions of a point in this
sequence,respectively. In this chapter, both continuous and discrete representations of motion and
imageswill be used. Let I (x ; t) denote a continuous-coordinate representation of intensity at (x ; t),
and let I t denote a complete image at time t. In the processof sampling, spatial pixel position x
is approximated by n = (n1; n2)T , while temporal position t is approximated by tk or k. With this
notation, I [n ; k] denotesa discrete-coordinate representation of I (x ; t). The triplet (n1; n2; k)T belongs
to a 3-D sampling grid, for examplea 3-D lattice (Chapter 2). It is assumedherethat imagesare either
continuous or discrete simultaneously in position and in amplitude. Consequently , the samesymbol I
will be usedfor continuousand quantized intensities; the nature of I can be inferred from its argument
(continuous-valued for x ; t and quantized for n ; k).

Motion in continuous imagescan be described by velocity vector � = (� 1; � 2)T . While � (x ) is a
velocity at spatial position x , � t will denote a velocity �eld or motion �eld , i.e., the set of all velocity
vectors within the image, at time t. Often, the computation of this denserepresentation is replacedby
the computation of a small number of motion parametersbt with the bene�t of reducedcomputational
complexity. Then, � t is approximated by bt via a known transformation. For discrete images, the
notion of velocity is replacedby displacement d.

3.2.1 Binary hyp othesis testing

Let y be an observation and let Y be the associated random variable. Suppose that there are two
hypothesesH0 and H1 with corresponding probabilit y distributions P(Y = yjH 0) and P(Y = yjH1),
respectively. The goal is to decidefrom which of the two distributions a given y is more likely to have
beendrawn. Clearly, 4 possibilities exist (true hypothesis/decision): H 0/ H0, H0/ H1, H1/ H0, H1/ H1.
WhereasH0/ H0 and H1/ H1 correspond to correct choices,H 0/ H1 and H1/ H0 are erroneous. In order
to make a decision, a decision criterion is neededthat attaches somerelative importance to the four
possiblescenarios.

Under the Bayes criterion , two a priori probabilities � 0 and � 1 = 1 � � 0 are assignedto the two
hypothesesH0 and H1, respectively, and a cost is assignedto each of the four scenarioslisted above.
Naturally , one would like to designa decisionrule so that on averagethe cost associated with making
a decisionbasedon y is minimal. By computing an averagerisk and by assumingthat costsassociated
with erroneousdecisionsare higher than those associated with the corresponding correct decisions,it
can be shown that an optimal decisioncan be made according to the following rule [32, Chapter 2]:

P(Y = yjH1)
P(Y = yjH0)

H 1
?
H 0

#
� 0

� 1
: (3.1)

The quantit y on the left is called the likelihood ratio and # is a constant dependent on the costs of
the 4 scenarios. Since these costs are determined in advance, # is a �xed constant. If � 0 and � 1 are
pre-determined as well, the above hypothesistest comparesthe likelihood ratio with a �xed threshold.
Alternativ ely, the prior probabilities canbemadevariable; variable-thresholdhypothesistesting results.
In order to simplify notation, we will subsequently use P0(y) and P1(y) to denote P(Y = yjH0) and
P(Y = yjH1), respectively.
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3.2.2 Mark ov random �elds

A Markov random �eld (MRF) is a multidimensional random processwhich generalizesthe notion of
a 1-D Markov process. Below, someessential properties of MRFs are described; for a more detailed
account the reader is referred to the literature (e.g., [12] and referencestherein).

Let � be a sampling grid in RN and let � (n ) be a neighborhood of n 2 �, i.e., a set of such n 's that
n 62� (n ) and n 2 � (l ) , l 2 � (n ). The �rst-order neighborhood consistsof immediate top, bottom,
left and right neighbors of n . Let N be a neighborhood system, i.e., a collection of neighborhoods of
all n 2 �.

A random �eld � over � is a multidimensional random processwhere each site n 2 � is assigned
a random variable. A random �eld � with the following properties:

1. P(� = � ) > 0; 8 � 2 �, and

2. P(� n = � n j� l = � l ; 8l 6= n ) = P(� n = � n j� l = � l ; 8l 2 � (n )) ; 8 n 2 � ; 8� 2 �,

where P is a probabilit y measure,is called a Markov random �eld with state space�.
In order to de�ne the Gibbs distribution, the conceptsof clique and potential function are needed.

A clique c de�ned over � with respect to N is a subset of � such that either c consists of a single
site or every pair of sites in c are neighbors, i.e., belong to � . The set of all cliques is denoted by
C. Examples of a two-element spatial clique f n ; l g are two immediate horizontal, vertical or diagonal
neighbors. Gibbs distribution with respect to � and N is a probabilit y measure� on � such that

� (� = � ) =
1
Z

e� U(� )=T ; (3.2)

where the constants Z and T are called the partition function and temperature, respectively, and the
energy function U is of the form

U(� ) =
X

c2 C

V(� ; c):

V (� ; c) is called a potential function, and depends only on the value of � at sites that belong to the
clique c. For two-element cliques f n ; l g consideredhere, we will explicitly write V (� [n ]; � [l ]).

The equivalencebetween Markov random �elds and Gibbs distributions is provided through the
important Hammersley-Cli�or d theorem which states that � is a MRF on � with respect to N if and
only if its probabilit y distribution is a Gibbs distribution with respect to � and N . The equivalence
between MRFs and Gibbs distributions results in a straightforward relationship between qualitativ e
properties of a MRF and its parametersvia the potential functions V . Extension of the Hammersley-
Cli�ord theorem to vector MRFs is straightforward (new de�nition of a state is needed).

3.2.3 MAP estimation

Let Y be a random �eld of observations and let � be a random �eld modeling the quantit y we want
to estimate basedon Y . Let y, � be their respective realizations. For example,y could be a di�erence
between two imageswhile � could be a �eld of motion detection labels. In order to compute � based
on y, a powerful tool is the maximum a posteriori probabilit y (MAP) estimation, expressedas follows:

b� = argmax
�

P(� = � jy) = argmax
�

P(Y = yj� ) � P(� = � ); (3.3)

where max� P(� = � jy) denotesthe maximum of the posterior probabilit y P(� = � jy) with respect
to � and arg denotesthe argument of this maximum, i.e., such b� that P(� = b� jy) � P(� = � jy) for
any � . Above, the Bayes rule was used and P(Y = y) was omitted since it does not depend on � . If
P(� = � ) is the samefor all realizations � , then only the likelihood P(Y = yj� ) is maximized, resulting
in the maximum likelihood (ML) estimation.
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3.2.4 Variational form ulations

In hypothesistesting and MRF models,moving regionsto be estimated are de�ned explicitly in discrete
state space(pixel labels), while region boundariesare implicit (label di�erences). Alternativ ely, these
boundariescan be consideredcontinuous, thus leading to functionals instead of setsof variables.

Let the continuous boundary one wishesto estimate be modeled by a closedparameterizedplanar
curve ~
 , oriented counterclockwise. If R is a region enclosedby ~
 and s is a variable moving along ~
 ,
then a simple formulation that seekspartitioning of the image domain 
 into R and its complement
R c = 
 nR can be written as follows:

min
~&

ZZ

R

f (� I (x ))dx + �
Z

~


ds; (3.4)

where f (�) is a strictly decreasingfunction, � I is an observation derived from the data, for example
image gradient, and ds is the Euclidean length element. While the �rst term is related to intensity
variation within R, the secondterm is proportional to the boundary length of R. This formulation
may seek,for example,a minimal-length boundary estimate that surrounds large intensity gradients.

A solution to (3.4) can be found by computing and solving Euler-Lagrangeequations [33]. At any
x , this results in the following evolution equation [7]:

@~

@�

= F ~n = [f (� I ) + �� ]~n; (3.5)

where� is the evolution time (unlik e the true time t which is the third coordinate in the imagesequence
de�nition), F denotesthe contour evolution force, � is the Euclidean curvature and ~n is the inward unit
normal to ~
 . The term �� ~n smoothes out the contour by reducing curvature, while the term f (� I )~n is
a constant \ballo on" force that pushesthe contour towards large-gradient image areas. The evolution
force vanishesfor � I ! 1 (f (� I ) ! 0) and � ! 0, i.e., ideal straight edge. In practice, the evolution
equation is stopped if the curve fails to evolve signi�cantly betweentwo iterations.

The active-contour evolution equation (3.5) su�ers from topology invariance (contours cannot be
added/removed), as well as potential convergenceproblems (as the contour evolves, sampling density
along the contour changesand the contour needsto be resampled). Both issuescan be avoided by
embedding the active contour ~
 into a surfaceu which leadsto the following level-setevolution equation
[23]:

@u
@�

= F kr uk = [f (� I ) + �� ]kr uk: (3.6)

Again � is the curvature computed from u (� = div(r u=jr uj)). This equation can be implemented
iterativ ely using standard discretization [23]. In each iteration, the force F is calculated at zero level-
set points (x such that u(x )=0), and then extended to other positions x using, for example, the fast
marching algorithm by solving r u � r F = 0 for F . Then, the surfaceu is updated according to (3.6),
and periodically re-initialized using the fast marching algorithm by solving kr uk=1 (signed distance).

3.3 Motion detection

Motion detection is, arguably, the simplest of the three motion-related tasks, i.e., detection, estimation
and segmentation. Its goal is to identify which image points, or, more generally, which regions of
the image, have moved. As such, motion detection applies to imagesacquired with a static camera.
However, if cameramotion is counteracted, e.g., by global motion estimation and compensation, then
the method equally applies to imagesacquired with a moving camera[17, Chapter 8].
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It is essential to realize that motion of image points is not perceived directly but rather through
intensity changes. However, such intensity changesover time may be also induced by camera noise
or illumination variations. Di�eren tiating intensity changesdue to object motion from those due to
camera noise or illumination variations is far from trivial, especially when objects have little texture
(e.g., uniform luminance/color).

3.3.1 Hyp othesis testing with �xed threshold

Fixed-threshold hypothesis testing belongsto the simplest motion detection algorithms as it requires
few arithmetic operations. Several early motion detection methods belong to this class, although
originally they were not developed as such.

Let HS and HM be two hypothesesdeclaring an image point at n as stationary (S) and moving
(M ), respectively. In the context of Section 3.2.1, the state S means0 while the state M means1.
Let's assumethat I k [n ] = I k� 1[n ] + q and that q is a noiseterm, zero-meanGaussianwith variance � 2

in stationary areasand uniformly distributed in range [� L; L ] in moving areas. Clearly, PS is assumed
Gaussian,while PM is assumeduniform. The motivation is that in stationary areasonly cameranoise
will distinguish same-position pixels at tk� 1 and tk , while in moving areasthis di�erence is attributed
to motion and therefore unpredictable. Let

� k [n ] = I k [n ] � I k� 1[n ]

be an observation upon which we intend to selectone of the two hypotheses.With the above assump-
tions and after taking the natural logarithm of both sidesof (3.1) the hypothesis test can be written
as follows:

� 2
k [n ]

M
?
S

� ; (3.7)

where � = 2� 2 ln(# � 2L � � S=(
p

2� � 2 � � M ). A similar test can be derived for a Laplacian-distributed
noiseterm q; in (3.7) � 2

k [n ] is replacedby j� k [n ]j and � is computed accordingly. Such a test was used
in someearly motion detection algorithms. Note that both the Laplacian and Gaussian models are
equivalent under an appropriate selection of � . Although � includes the prior probabilities, they are
usually �xed as is the noisevariance, and thus � 2

k is comparedto a constant.
The above pixel-based hypothesis test is not robust to noise in the image; for small � 's \noisy"

detection masksresult (many isolated small regions) while for large � 's only object boundariesand its
most textured parts are detected. To attenuate the impact of noise, the method can be extended by
averaging the observations over an N -point spatial window Wn centered at n :

1
N

X

m 2W n

� 2
k [m ]

M
?
S

� :

This approach exploits the fact that data capture in a typical cameracan be closely approximated by
an additiv e white noise model; by averaging over Wn the noise impact can be signi�cantly reduced.
Still, the method is not very robust and is usually followed by some post-processing(e.g., median
�ltering, suppressionof small regions). Moreover, since the classi�cation at position n is performed
basedon all pixels within Wn , the resolution of the method is reduced; a moving image point a�ects
the decisionof many of its neighbors.

Motion detection basedon frame di�erences, as described above, does not perform well for large,
untextured objects (e.g., a large, uniformly-colored truck). Only pixels n where jI k [n ] � I k� 1[n ]j is
su�cien tly large can be reliably detected. Such pixels concentrate in narrow areas close to moving
boundaries where object intensity is distinct from the background in the previous frame. This leads
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to excessive false negatives, as shown in Fig. 3.1(b). This de�ciency can be addressedto a degree
by comparing the current intensity I k [n ] to background intensity Bk [n ] instead of the previous frame
I k� 1[n ], i.e., by de�ning � k [n ] = I k [n ]� Bk [n ]. Perhapsthe simplest approach to estimating B k [n ] is by
meansof temporal averagingor median �ltering the intensity at each n . Median �ltering is particularly
attractiv e sincefor a su�cien tly large support (temporal window), it can suppressintensities associated
with moving objects.

Although temporal median �ltering is a fast and quite e�ectiv e approach to background modeling,
it often fails in the presenceof parasitic motion, such as 
uttering leavesor waveson water surface. In
order to account for such motion, richer statistical models have beenproposed. For example, instead
of modeling I k [n ] as a Gaussian random variable with mean I k� 1[n ] or Bk [n ], mixture-of-Gaussians
models [27] and non-parametric distributions [11] have beensuccessfullyused.

Let us brie
y describe the latter approach for its simplicit y and good performance. At each location
n of frame k, an estimate of the stationary (background) probabilit y distribution is computed from K
recent frames as follows:

PS(I k [n ]) =
1
K

KX

i =1

K(I k [n ] � I k� i [n ]); (3.8)

where K is a zero-meanGaussianwith variance � 2 that, for simplicit y, we considerconstant through-
out the sequence. Assuming uniformly-distributed intensity in range [� L; L ] for moving pixels (no
knowledgeabout moving areas), the hypothesis test (3.1) now becomes:

PS(I k [n ])
S
?
M

� ; (3.9)

where � = � M =(2L#� S). Note that, unlike in (3.7), the thresholding takes place now in the spaceof
probabilities rather than intensities. An intensity at location n in frame k is deemedstationary only
if it is likely to have beendrawn from PS. This improvesrobustnessof the detection to small parasitic
movements that are accounted for in PS. Also, since the PS model is basedon K recent frames, it
adapts to slow background changessuch as illumination variations. Note, that in order to avoid model
contamination intensities from moving areasin past frames need to be excluded from the summation
in (3.8), for examplebasedon past detections.

3.3.2 Hyp othesis testing with adaptiv e threshold

The motion detection methodspresented thus far assumedno knowledgeabout intensitiesof the moving
object; PM was considereduniform. However, one may hope for a performance gain should a more
accuratemodel of moving pixels be allowed. In order to estimate PM , one could usea similar strategy
to the one used for background pixels (3.8). However, unlike in background modeling, the location of
moving pixels is time-varying and equation (3.8) doesnot apply. Although one can limit the number
of frames used (K ) so that intensity I k [n ] remains within a moving object for k = 1; :::; K [25], the
accuracyof this approach strongly dependson moving object sizeand temporal window sizeK . Note,
however, that as the object travels through location n in the image, intensities I 1[n ], I 2[n ], ... are,
e�ectiv ely, samplesderived from this object. This sampling is, in general, non-uniform, and depends
on the movement of the object. Instead of using a temporal history to derive object samples, one
can directly use object samplesin the current frame (spatial history). This can be thought of as the
assumption of ergodicit y in spatial coordinates instead of ergodicit y in time. It has been recently
demonstrated that using spatial ergodicit y is not detrimental to motion detection but, in fact, reduces
memory requirements (no need for multi-frame bu�er) [15]; local-in-time and local-in-spacemodels
produce very similar results.

In order to build the local-in-spacemodel at position n , ideally, one needsto identify all pixels of
a moving object to which n belongs. Clearly, this labeling is not known in advancebut sincea typical
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motion detection algorithm is both causaland iterativ e, onecan usemotion labels from previous frame
or previous iteration. Below the latter approach is outlined.

Let ek [n ] be a changelabel detectedat position n in frame k (ek [n ] = S or ek [n ] = M ). Using the
na•�ve uniform foreground model and the simpli�ed likelihood ratio test (3.9), one �rst �nds an initial
detection mask, denoted e0

k [n ]. Although using a connected-component analysis one could identify all
pixels belonging to a moving object that n is part of, a much simpler approach, that works well, is to
consideronly a small neighborhood of n . For each n , one can de�ne a set of neighbors belonging to a
moving object as follows:

NM i (n ) = f m 2 N (n ) : ei � 1
k [m ] = Mg ;

where i is the iteration number and N (n ) is a small neighborhood around n . The moving-pixel
probabilit y is then calculated using the samekernel-basedmethod as in the caseof PS (3.8), except
that local-in-spacesamplesare usedin place of local-in-time samples:

PM i (I k [n ]) =
1

jN M i (n )j

X

m 2N M i (n )

K(I k [n ] � I k [m ]): (3.10)

The estimated moving-pixel probabilit y can be usedin a re�ned likelihood ratio test:

PS(I k [n ])
PM i (I k [n ])

S
?
M

� ; (3.11)

where � = � M =(#� S), to produce a new label ei
k [n ]. This test is iterated with the new label �eld

de�ning a new neighborhood NM i +1 and new PDF PM i +1 which, in turn, producea new estimate ei +1
k .

If there are no detectedpixels in the neighborhood of n (N M i (n ) = ; ), there is presumably no moving
object at n and one can revert to the na•�ve assumption that PM is uniform.

Note that PM i (I k [n ]) in (3.11) can, e�ectiv ely, be considereda scalefor the threshold � . If for a
particular intensity I k [n ] its foreground probabilit y PM i (I k [n ]) is lower, then the e�ectiv e threshold
� � PM i (I k [n ]) is reducedthus encouragingassignment of the stationary label. To the contrary , a higher
value of PM i (I k [n ]) will encourageassignment of the moving label. The intro duction of a foreground
model can be interpreted as spatial threshold adaptation.

The above methods are basedsolely on image intensities and make no a priori assumptionsabout
the nature of moving areas. However, moving 3-D objects usually create compact, closedboundaries
in the image plane, i.e., if an image point is declaredmoving, it is likely that its neighbors are moving
as well and the boundary is smooth rather than rough. To take advantage of this a priori information,
hypothesis testing can be combined with Markov random �eld models.

Let Ek be a MRF of all labelsassignedat time tk whoserealization is ek . Let's assumefor the time
being that ek [l ] is known for all l except n . Sincemotion detection is often iterativ e, this assumption
is not unreasonable;previous estimates are known at l 6= n . Thus, the estimation processis reduced
to deciding betweenek [n ] = S and ek [n ] = M . Let the label �eld such that ek [n ] = S be denoted by
eS

k , and let the one with ek [n ] = M be eM
k . Then, basedon (3.1), the decision rule for ek [n ] can be

written as follows:

P(Rk = � k jeM
k )

P(Rk = � k jeS
k )

M
?
S

#
� (Ek = eS

k )
� (Ek = eM

k )
; (3.12)

whereRk is a random �eld modeling temporal frame di�erences and � (Ek = ek ) is a Gibbs distribution
governing Ek (Section 3.2.2). By making the simplifying assumptionthat the temporal di�erences � k [l ]
are conditionally independent given ek , i.e., P(Rk = � k jek ) =

Q
l P(Rk [l ] = � k [l ]jek [l ]), equation (3.12)

can be further re-written:

PM (� k [n ])
PS(� k [n ])

M
?
S

#
� (Ek = eS

k )
� (Ek = eM

k )
: (3.13)
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This simpli�ed form is due to the fact that with the assumedconditional independenceall constituent
probabilities on the left-hand side cancelout except for those at n (eM

k and eS
k di�er only at n ). Al-

though the conditional independenceassumptionis reasonablein stationary areas(temporal di�erences
are mostly due to cameranoise), it is lessso in moving areas. However, a convincing argument based
on experimental results can be made in favor of such independence[1].

For the GaussianPS and uniform PM de�ned earlier this generalizesthe hypothesis test (3.7) to:

� 2
k [n ]

M
?
S

2� 2
�

ln
# � 2L
p

2� � 2
+ ln

� (Ek = eS
k )

� (Ek = eM
k )

�
: (3.14)

By suitably de�ning the a priori probabilities, onecan adapt the threshold in responseto the properties
of ek . Sincethe required properties are object compactnessand smoothnessof its boundaries,a simple
MRF model supported on the second-orderneighborhood with two-element cliquesc = f n ; l g and the
Ising potential function [12]:

V (ek [n ]; ek [l ]) =

(
0 if ek [n ] = ek [l ];

� if ek [n ] 6= ek [l ];
(3.15)

is appropriate. Whenever a neighbor of n has di�eren t label than ek [n ], a penalty � > 0 is incurred;
summed over the whole �eld it is proportional to the length of the moving mask boundary. Thus,
the resulting prior (Gibbs) probabilit y � (Ek = ek ) (3.2) will increasefor con�gurations with smooth
boundariesand will decreasefor those with rough boundaries.

Note that the MRF model facilitates threshold adaptation: if � (Ek = eS
k ) > � (Ek = eM

k ), the
overall threshold in (3.14) increasesthus biasing the decision towards a static label. Conversely, for
� (Ek = eS

k ) < � (Ek = eM
k ) the bias is in favor of a moving label.

The sameMarkov model can be applied to the intensity-basedhypothesis test (3.11), resulting in
the following decisionrule:

P(I k = I k jeM
k )

P(I k = I k jeS
k )

M
?
S

#
� (Ek = eS

k )
� (Ek = eM

k )
;

where I k is a random �eld modeling the image at time tk . If the intensities, while dependent on the
label �eld, are mutually independent spatially, that is P(I k = I k jek ) =

Q
m P(I k [m ] = I k [m ]jek [m ]),

the following pixel-by-pixel hypothesis test results:

PM (I k [n ])
PS(I k [n ])

M
?
S

#
� (Ek = eS

k )
� (Ek = eM

k )
:

For the second-orderMarkov model with Ising potential (3.15) this simpli�es to:

PM (I k [n ])
PS(I k [n ])

M
?
S

#
�

�
T

(QS[n ] � QM [n ])
�

;

where T is the natural temperature of Gibbs distribution, while QS[n ] and QM [n ] denote the number
of stationary and moving neighbors of n , respectively (between0 and 8). The e�ect of incorporating the
prior into the likelihood ratio test is quite apparent. The detectedmoving neighbors reducethe e�ectiv e
threshold toward declaring M whereasstationary neighbors increasethis threshold toward declaring S.
The constant 1=T controls the nonlinear behavior of the threshold as the function of QS[n ] � QM [n ].
If the moving-pixel probabilit y is estimated from local-in-spacesamples,then PM i (I k [n ]) (3.10) should
replacePM (I k [n ]) above.
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3.3.3 MAP MRF form ulation

The MRF label model intro duced in the previous section can be also incorporated into the MAP
criterion (Section 3.2.3). In order to �nd a MAP estimate of the random �eld Ek , the posterior
probabilit y P(Ek = ek j� k ), or its Bayesequivalent P(Rk = � k jek ) � � (Ek = ek ), needsto be maximized.

Let's consider the likelihood P(Rk = � k jek ). One of the questionable assumptions made in the
previous section was the conditional independenceof � k given ek (3.13). To alleviate this problem, let
jI k [n ]� I k� 1[n ]j be an observation modeledas� k [n ] = � (ek [n ])+ q[n ] whereq is zero-meanuncorrelated
Gaussiannoisewith variance � 2 and

� (ek [n ]) =

(
0 if ek [n ] = S;

� if ek [n ] = M :

Above, � is consideredto be an averageof the observations in moving areas. For example, � could be
computed as an averagetemporal intensity di�erence basedon previous-iteration moving labels ei � 1

k
or previous-time moving labels ek� 1. Clearly, � attempts to closely model the observations sincefor a
static image point it is zero, while for a moving point it tracks averagetemporal intensity mismatch;
the uncorrelated q should be a better approximation here than in (3.13).

Under the uncorrelated Gaussianassumption for the likelihood P(Rk = � k jek ) and a Gibbs distri-
bution for the a priori probabilit y � (Ek = ek ), the overall energy function can be written as follows:

U(� k ; ek� 1; ek ) =
1

2� 2

X

n

�
(� k [n ] � � (ek [n ]))2 +

X

f n ;l g2C

Vs(ek [n ]; ek [l ]) +
X

f tk � 1 ;t k g

Vt (ek� 1[n ]; ek [n ])
�

:

The �rst term measureshow well each label at n explains the observation � k [n ]. The other terms
measurehow contiguous the labels are in the image plane (Vs) and in time (Vt ). Both Vs and Vt can
be speci�ed similarly to (3.15) thus favoring spatial and temporal similarit y of the labels [6]. This
basic model can be enhancedby a more 
exible likelihood [20, 25] or a more complete prior model
including spatio-temporal, as opposed to purely spatial and temporal, cliques [18]. The above cost
function can be optimized using various approaches, such as those discussedin Section 3.4.3, namely
simulated annealing, iterated conditional modesor highest con�dence �rst. The latter method, based
on an adaptive selectionof visited labels according to their impact on the energy U (most in
uen tial
visited �rst), givesthe best compromisebetweenperformance(�nal energyvalue) and computing time.

3.3.4 MAP variational form ulation

So far the motion detection problem has been formulated in discrete domain; pixels were explicitly
labeled as moving or stationary. Alternativ ely, as mentioned before, moving areas can be de�ned
implicitly by closedcontours; the problem can be formulated and solved in continuousdomain, and the
�nal solution { discretized. One possibleapproach is through variational formulation (Section 3.2.4).

In order to formulate the problem in this fashion, a model for boundariesof moving areasis needed.
One popular classof such models have beenactive contours. Let ~
 be a closedparameterizedplanar
curve, oriented counterclockwise, R { region enclosedby ~
 , and R c = 
 nR { its complement. The
problem of detecting moving areasbetweenimagesI t � � t and I t can be formulated as follows [14]:

min
~


ZZ

R

� dx +
ZZ

R c

jI (x ; t) � I (x ; t � � t)jdx + �
Z

~


ds: (3.16)

The �rst term assignscost to the moving regionsthat is proportional to the areaof R. The secondterm
assignscost to the stationary regions but the cost at each location x is proportional to the temporal
intensity change. The third term measureslength of the boundary of R, and can be consideredprior
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information. Clearly, a minimum will be achieved if the boundary is smooth and all large temporal
intensity di�erences (moving areas)are included in R, while small di�erences (stationary areas)are in
R c. This simple formulation can be viewed asan exampleof MAP estimation; the �rst two terms relate
the unknown contour ~
 to the data f I t � � t ; I t g, while the last term measuresthe length of moving-area
boundary. Details of a MAP derivation in this context can be found in [19], where also more advanced
data terms basedon motion compensation have beenproposed. Note that minimization (3.16) can be
also viewed as region competition [34] since regions R and R c both compete for the membership of
pixel at x (is it lessexpensive to assignat x the cost � or jI (x ; t) � I (x ; t � � t)j ?).

The contour evolution for (3.16) obtained by solving Euler-Lagrangeequations is:

@~

@�

= [� � jI (x ; t) � I (x ; t � � t)j + �� ]~n: (3.17)

Ignoring the curvature � , � > jI (x ; t) � I (x ; t � � t)j will result in the contour shrinking and thus
relinquishing the point ~
 (x ), while � < jI (x ; t) � I (x ; t � � t)j will causethe contour to expand thus
englobing this point. Clearly, there will be a competition betweentwo forces,one related to R and the
other related to R c, that will claim or relinquish imagepoints on and around the curve~
 . The curvature
� plays the role of a smoothing �lter with respect to curve-point coordinates. For su�cien tly large � ,
the curvature term will assuresmooth boundaries of the detected moving areas. The corresponding
level-set evolution equation:

@u
@�

= F kr uk = [� � jI (x ; t) � I (x ; t � � t)j + �� ]kr uk: (3.18)

can be implemented iterativ ely using standard discretization [23].
In the formulation above, motion detection performed on one imagepair is independent of a detec-

tion performed on a neighboring image pair. An interesting, alternativ e approach is the joint motion
detection (or segmentation) over multiple images [22], leading to the concept of object tunnel. The
object boundary model across time becomesnow a 3-D parameterized surface ~&. If V is a volume
enclosedby ~&, and Vc=(
 � T )nV is its complement, the problem of joint multi-image motion detection
can be formulated as follows:

min
~&

ZZZ

V

� dx dt +
ZZZ

Vc

jI (x ; t) � I (x ; t � � t)jdx dt + �
ZZ

~&

d~s:

The �rst two terms have similar meaningas in (3.16) except that both are evaluated over 3-D volumes
rather than 2-D regions. The third term measuresthe surfaceareaof the volume V (d~s is the Euclidean
area element). Solving for ~&, leadsto the following surfaceevolution equation:

@~&
@�

= [� � jI (x ; t) � I (x ; t � � t)j + �� m ]~n:

This equation is very similar to the contour evolution equation (3.17) except for dimensionality of the
normal vector ~n and the nature of the curvature (mean curvature � m is used here). The level-set
evolution equation for 4-D surfaceu is identical to (3.18), again except for the curvature, and can be
solved through similar discretization.

3.3.5 Exp erimen tal comparison of motion detection metho ds

Fig. 3.1 shows motion detection results on a typical urban surveillancevideo for the variational formu-
lation (Fig. 3.1(a), bottom), frame-di�erence hypothesis test (Fig. 3.1(b)), stationary-only hypothesis
test (Fig. 3.1(c)), and stationary/mo ving hypothesis test (Fig. 3.1(d)). The latter three results are
shown without and with Markov model (bottom). Note the signi�cant rate of misseson car bodies in
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(a) (b) (c) (d)

(e)

Figure 3.1: Motion detection results for a 360� 240-pixelroad tra�c video: (a) original frameand active-
surfacedetection result (bottom); (b) frame-di�erence result (3.7); (c) stationary-only hypothesis test
result (3.9); and (d) stationary/mo ving hypothesis test result (3.11). Bottom results in (b-d) include
MRF label model. In (e) are shown two views of object tunnels, i.e., surfaces\wrapp ed" around each
moving object's mask, for the caseof stationary/mo ving hypothesis test with Markov prior.

the variational and frame-di�erence results. This is due to the frame di�erence � k used as the obser-
vation. The other two models rectify this problem and the only di�erence between them is in further
reduced missesin Fig. 3.1(d) due to the inclusion of the moving-pixel model PM . In each casethe
addition of Markov prior clearly improvesthe detection accuracyby reducing both false positivesand
misses.The object tunnels shown in Fig. 3.1(e) con�rm the accuracy of detections and also illustrate
the dynamic evolution of individual objects' masks.

3.4 Motion estimation

As mentioned in the intro duction, the knowledge of motion is essential for both the compression
and processingof image sequences. Although compressionis often considered to be encompassed
by processing,a clear distinction between these two terms will be made here. Methods explicitly
reducing the number of bits neededto represent a video sequencewill be classi�ed asvideo compression
techniques. For example, motion-compensatedhybrid (predictiv e/DCT) coding is exploited today in
all video compressionstandards (Chapters 9 and 10). On the other hand, methods that transform
a video sequence,e.g., to improve quality rather than reduce bit rate, will be considered part of
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Figure 3.2: Motion-compensatedinterpolation between imagesat time t k � � t and tk . Motion com-
pensation is essential for smooth rendition of moving objects. Shown are four motion vectors that map
the corresponding image points at time tk � � t and tk onto image at time � .

video processing,with such examplesas motion-compensated noise reduction (Chapter 4), motion-
compensatedinterpolation (Chapter 2), and motion-basedvideo segmentation (Chapter 6).

The above classi�cation is important from the point of view of the goalsof motion estimation that,
in turn, in
uence the choice of models and estimation criteria. In the caseof video compression,the
estimated motion parametersshould lead to the highest compressionratio possible(for a given video
quality). Therefore, the computed motion neednot resemble the true motion of image points as long
as someminimum bit rate is achieved. In video processing,however, it is the true motion of image
points that is sought. For example, in motion-compensatedtemporal interpolation (Fig. 3.2) the task
is to compute new imageslocated betweenexisting imagesof a video sequence(e.g., video frame rate
conversion betweenNTSC and PAL scanningstandards). In order that the new imagesbe consistent
with the existing ones, image points belonging to moving objects must be displaced according to the
true motion asotherwise\jerky" motion of objects would result. This is a very important di�erence that
in
uences the designof motion estimation algorithms and, most importantly , that usually precludesa
good performanceof compression-optimizedmotion estimation in video processingand vice versa.

In order to develop a motion estimation algorithm, three important elements needto be considered:
models, estimation criteria and search strategies. They will be discussednext, but no attempt will be
made to include an exhaustive list pertaining to each of them. Clearly, this cannot be considereda
universal classi�cation schemeof motion estimation algorithms, but it is very useful in understanding
the properties and merits of various approaches. Then, �v e practical motion estimation algorithms will
be discussedin more detail.

3.4.1 Motion mo dels

There exist two fundamental models in motion estimation: a motion model, i.e., how to represent
motion in an image sequence,and a model relating motion parameters to image intensities, called an
observation model. The latter model is neededsince, as was mentioned before, the computation of
motion is carried out indirectly by examining intensity changesin time.

Spatial motion mo dels

The goal is to estimate the motion of image points, i.e., the 2-D motion or apparent motion. Such
motion is a combination of projections of the motion of objects in a 3-D sceneand of 3-D camera
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motion. Whereas camera motion a�ects the movement of all or almost all image points, the motion
of 3-D objects only a�ects a subset of image points corresponding to objects' projections. Since, in
principle, the camera-inducedmotion can be compensatedfor by either estimating it (Section 3.5.1) or
by physically measuring it at the camera, we need to consider only the object-induced motion. This
type of motion dependson:

1. image formation model, e.g., perspective, orthographic projection [31],

2. motion model of 3-D object, e.g., rigid-b ody with 3-D translation and rotation, 3-D a�ne motion,

3. surfacemodel of 3-D object, e.g., planar, parabolic.

Although the dependenceof 2-D motion on the above models is complex in general, two casesare
relatively simple and have been used extensively in practice. For an orthographic projection and
arbitrary 3-D surfaceundergoing 3-D translation, the resulting 2-D instantaneousvelocity at position
x in the image plane is described by a 2-D vector:

� (x ) =
�

b1

b2

�
; (3.19)

whereparametersb = (b1; b2)T = (� 1; � 2)T dependon camerageometryand 3-D translation parameters.
This 2-D translational model hasprovedvery powerful in practice, especially in video compression,since
locally it provides a closeapproximation for most natural images.

The secondpowerful, yet simple, parametric model is that of orthographic projection combined
with 3-D a�ne motion of a planar surface. It leads to the following 6-parameter a�ne model [30,
Chapter 6]:

� (x ) =
�

b1

b2

�
+

�
b3 b4

b5 b6

�
x ; (3.20)

where, again, b = (b1; :::; b6)T is a vector of parameters related to the camera as well as 3-D surface
and motion parameters. Clearly, the translational model (3.19) is a special caseof the a�ne model
(3.20). More complex models have beenproposedas well but, depending on application, they do not
always improve the precision of estimated motion �elds. In general, the higher the number of motion
parameters, the more precisethe description of motion. However, an excessive number of parameters
may be detrimental to the performance. This dependson the number of degreesof freedom,i.e., model
complexity (sizeof b and the functional dependenceof � on x; y) versusthe sizeof the region of support
(seebelow). A complex model applied to a small region of support may lead to an actual increasein
the estimation error comparedto a simpler model such as one described by (3.20).

Temp oral motion mo dels

The tra jectories of individual image points drawn in the (x; y; t) spaceof an image sequencecan be
fairly arbitrary since they depend on object motion. In the simplest case,tra jectories are linear, such
as the onesshown in Fig. 3.2. Assuming that the velocity � t (x ) is constant between t = tk� 1 and �
(� > t), a linear tra jectory can be expressedas follows

x (� ) = x (t) + � t (x ) � (� � t) = x (t) + d t;� (x ); (3.21)

where dt;� (x ) = � t (x ) � (� � t) is a displacement vector1 measuredin the positive direction of time,
i.e., from t to � . Consequently , for linear motion the task is to �nd the two components of velocity or

1 In the sequel, the dependenceof d on t and � will be dropped whenever it is clear between what time instants d
applies.
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displacement at each x . This simple motion model embedding the two-parameter spatial model (3.19)
has proved a powerful motion estimation tool in practice.

A natural extensionof the linear model is a quadratic tra jectory model, accounting for acceleration
of image points, which can be described by

x (� ) = x (t) + � t (x ) � (� � t) +
1
2

� a t (x ) � (� � t)2: (3.22)

The model is basedon two velocity (linear) variables and two acceleration (quadratic) variables a =
(a1; a2)T thus accounting for second-ordere�ects. This model hasbeendemonstratedto greatly bene�t
such motion-critical tasks as frame rate conversion [8] due to its improved handling of variable-speed
motion present in typical videoconferencingimages(e.g., hand gestures,facial expressions).

The models above require two (3.21) or four (3.22) parameters at each position x . To reduce the
computational burden, parametric (spatial) motion modelscan be combined with the temporal models
above. For example, the a�ne model (3.20) can be used to replace � t in (3.21) within a suitable
region of support. This approach hasbeensuccessfullyusedin various region-basedmotion estimation
algorithms. A similar parametric extension of the quadratic tra jectory model (� t and a t replacedby
a�ne expressions)has been proposedas well [17, Chapter 4] but its practical importance remains to
be veri�ed.

Region of supp ort

The set of points x to which spatial and temporal motion models apply is called the region of support ,
denoted R. The selectionof a motion model and region of support is one of the major factors deter-
mining the precision of the resulting motion parameter estimates. Usually, for a given motion model,
the smaller the region of support R , the better the approximation of motion. This is due to the fact
that over a larger area motion may be more complicated and thus may require a more complex model.
For example, the translational model (3.19) can fairly well describe motion of one car in a highway
scenewhile this very model would be quite poor for a scenewith many cars. Typically, the region of
support for a motion model belongsto one of the four typeslisted below. Fig. 3.3 shows schematically
each type of region.

1. R = the whole image
A single motion model applies to all image points. This model is suitable for the estimation
of camera-inducedmotion in a simple static sceneas very few parameters can approximate the
motion of all imagepoints. This is the most constrainedmodel (relativ ely small number of motion
�elds can be represented), but with the fewest parameters to estimate.

2. R = one pixel
This model applies to a single image point. Typically, the translational spatial model (3.19)
is used jointly with the linear (3.21) or quadratic temporal model (3.22). This pixel-based or
densemotion representation is the least constrained one since at least two parameters describe
the movement of each image point. Consequently , a very large number of motion �elds can be
represented by all possiblecombinations of parameter values, but computational complexity is,
in general,high.

3. R = rectangular block of pixels
This motion model applies to a rectangular (or square) block of image points. In the simplest
case,the blocks are disjoint and their union covers the whole image. A spatially-translational
(3.19) and temporally-linear (3.21) motion of a square block of pixels has proved to be a very
powerful model and is used today in all digital video compressionstandards (Chapters 9 and
10). It can be also argued that a spatially-translational but temporally-quadratic (3.22) motion
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(a) (b) (c) (d)

Figure 3.3: Schematic representation of motion for the four regions of support R : (a) whole image,
(b) pixel, (c) block and (d) arbitrarily-shap ed region. The implicit underlying sceneis \head-and-
shoulders" as captured by the region-basedmodel in (d).

is implicitly used in MPEG sincetwo motion vectors (backward and forward) de�ned for blocks
in B frames can describe both velocity and acceleration. Although very successfulin hardware
implementations, due to its simplicit y, the translational model lacks precision for images with
rotation, zoom, deformation, and is often replacedby the a�ne model (3.20).

4. R = irregularly-shaped region
This model applies to all pixels in region R of arbitrary shape. The motivation is that for objects
with su�cien tly smooth 3-D surface and 3-D motion, the induced 2-D motion can be closely
approximated by the a�ne model (3.20) applied linearly over time (3.21) to the imageareaarising
from object projection. This is the most advancedmotion model found in compressionstandards;
a squareblock divided into arbitrarily-shap ed parts, each with independent translational motion,
is usedin MPEG-4 (Chapter 10).

Observ ation mo dels

Since the goal is to estimate motion basedon intensity variations in time, the relationship between
motion parameters and image intensities plays a very important role. The usual, and reasonable,
assumption made in this context is that that objects do not change their appearanceas they move,
i.e., image intensity remains constant along motion tra jectory. Assuming for now that image intensity
I is a continuous function and letting s be a variable along motion tra jectory, the constant-in tensity
assumption is equivalent to the directional derivative of I being zero:

dI
ds

= 0: (3.23)

Using the chain rule, the above equation can be written as the well-known motion constraint equation
[13]

@I
@x

� 1 +
@I
@y

� 2 +
@I
@t

= (r I )T � +
@I
@t

= 0; (3.24)

where r =( @=@x; @=@y)T denotesthe spatial gradient and � =( � 1; � 2)T is the velocity to be estimated.
The above constraint equation has served as the basis for many motion estimation algorithms. How-
ever, note that applied at single position (x; y) equation (3.24) is underconstrained(one equation, two
unknowns) and allows to determine only the component of � in the direction of imagegradient r I [13].
Thus, additional constraints are neededin order to uniquely solve for � [13]. Moreover, equation (3.24)
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does not hold exactly for real imagesand usually a minimization of somefunction of (r I )T � + @I
@t is

required.
For I sampled in time, the constant-in tensity assumption means that I tk (x (tk ))= I tk � 1 (x (tk� 1)).

Furthermore, assuming spatial sampling of intensities on lattice � and using the relationship (3.21)
with t = tk� 1 and � = tk , this condition can be expressedas follows

I k [n ] � I k� 1[n � d[n ]] = 0; 8n 2 � : (3.25)

Again, similarly to (3.24), the above relationship is not enoughto solve for d (two unknowns) and ad-
ditional constraints are required. Moreover, it doesnot hold exactly due to noise,aliasing, illumination
variations, etc., and a minimization of somefunction of I k [n ] � I k� 1[n � d[n ]] is needed. Note that
I k [n ] � I k� 1[n � d[n ]] is a �nite-di�erence approximation of the directional derivative dI =ds for discrete
intensity I . It hasbeensuccessfullyusedin video compressionsinceit yields small motion-compensated
prediction error.

The assumption about intensity constancy is violated when sceneillumination changes. In this
case,a constraint basedon the spatial gradient's constancy in the direction of motion can be used[2]

dr I
ds

= ~0:

This equation can be re-written as follows:
�

@2I =@x2 @2I =@x@y
@2I =@x@y @2I =@y2

�
� +

@(r I )
@t

= ~0: (3.26)

It relaxesthe constant-in tensity assumption but requires that the amount of dilation/con traction, and
rotation in the image be negligible2, a limitation often satis�ed in practice. Although both vector
equations above are linear with 2 unknowns, in practice they do not lend themselves to the direct
computation of motion, but needto be further constrainedby a motion model. The primary reasonfor
this is that both hold only approximately for real data. Furthermore, they are basedon second-order
image derivatives that are di�cult to compute reliably due to the high-passnature of the operator;
usually image smoothing must be performed �rst.

Since color is a very important attribute of images, a possible extension of the above models
would include chromatic image components. The assumption is that in areasof uniform intensity but
substantial color detail, the inclusion of a color-basedconstraint could prove bene�cial. In such a case,
equations (3.24), (3.25), and (3.26) would hold with a multicomponent (vector) function replacing I .
In video compression,the small gains from color-basedmotion estimation do not justify the substantial
increasein complexity. However, motion estimation using color data is useful in video processingtasks
(e.g., motion-compensated�ltering, resampling), wheremotion errors may result in visible distortions.
Moreover, a multicomponent motion constraint is interesting for estimating motion from multiple data
sources(e.g., range/intensity data).

3.4.2 Estimation criteria

The models discussedneed to be incorporated into an estimation criterion that will be subsequently
optimized. There is no unique criterion for motion estimation since its choice dependson the task at
hand. For example, in compressionan averageperformance(prediction error) of a motion estimator
is important, whereas in motion-compensated interpolation the worst caseperformance (maximum
interpolation error) may be of concern. Moreover, the selection of a criterion may be guided by the
processorcapabilities on which the motion estimation will be implemented.

2Even when the constant-in tensity assumption is valid, the intensity gradient changes its amplitude under dila-
tion/con traction, and its direction under rotation.
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Pixel-domain criteria

Most of the criteria arising from the discrete version of the constant-in tensity assumption (3.25) aim
at the minimization of a function (e.g., absolute value) of the following error

" k [n ] = I k [n ] � eI k [n ]; 8n 2 � (3.27)

where eI k [n ] = I k� 1[n � d[n ]] is called motion-compensatedprediction of I k [n ]. Since, in general, d
is real-valued, intensities at positions n � d[n ] outside of the sampling grid � must be recovered by
suitable interpolation. For estimation methods that apply intensity matching, I k� 1[n � d[n ]] must
be evaluated for all n and thus C0 interpolators that assurecontinuous interpolated intensity (e.g.,
bilinear) are su�cien t. However, for methods applying gradient descent a derivative of I k� 1[n � d[n ]]
with respect to d[n ] must be computed at each n and thus C1 interpolators giving both continuous
intensity and its derivative are preferable for stabilit y reasons.

A common choice for the estimation criterion is the following sum

E(d) =
X

n 2R

�( I k [n ] � eI k [n ]) (3.28)

where � is a non-negative real-valued function. The often-used quadratic function �( " ) = " 2 is not
a good choice since a single large error " (an outlier) overcontributes to E and biasesthe estimate
of d. A more robust function is the absolute value �( " ) = � j" j since the cost grows linearly with
error (Fig. 3.4.a.). Since it does not require multiplications, the absolute value criterion is often
used in video encoders today. An even more robust criterion is based on the Lorentzian function
�( " ) = log(1+ "2=2! 2) that grows slower than jxj for large errors. The growth of the cost for increasing
" can be adjusted by the parameter ! as shown in Fig. 3.4.a.

Sincefor algorithms basedon intensity matching the continuit y of � is not important (no gradient
computations), non-continuous functions basedon the concept of the truncated quadratic:

� tq("; � ; � ) =

(
"2 j" j < � ;

� otherwise;
(3.29)

are often used (Fig. 3.4.b). If � = � 2, the usual truncated quadratic results, �xing the cost of outliers
at � 2. An alternativ e is to set � =0 with the consequencethat the outliers have zero cost and do not
contribute to the overall criterion E. In other words, the criterion is de�ned only for non-outlier pixels,
and therefore the estimate of d will be computed solely on the basisof reliable pixels.

The similarit y betweenI k [n ] and its prediction eI k [n ] can be also measuredby the following cross-
correlation function:

C(d) =
X

n

I k [n ]I k� 1[n � d[n ]]: (3.30)

Although more complex computationally than the absolute-value criterion due to multiplications in-
volved, this criterion is an interesting and practical alternativ e to the prediction error-basedcriteria
(Section 3.5.3). Note that a cross-correlation criterion requires maximization unlike the prediction-
basedcriteria.

For a detailed discussionof robust estimation criteria in the context of motion estimation the reader
is referred to the literature (e.g., [5] and referencestherein).

Frequency-domain criteria

Although frequency-domaincriteria are lessusedin practice today than the space/time-domain meth-
ods, they form an important alternativ e. Let bI k (u ) = F [I k [n ]] be a spatial (2-D) Fourier transform



18 In The Video ProcessingCompanion, Elsevier Inc., 2008

-5 -4 -3 -2 -1 0 1 2 3 4 5
0

5

10

15

e

F
(e

)

F (e)=e2

F (e)=a|e|, a=2.0
F (e)=log(1+e2/(2w2)), w=0.1
F (e)=log(1+e2/(2w2)), w=0.3

(a)

�5 �4 �3 �2 �1 0 1 2 3 4 5
0

5

10

15

e

F
(e

)

F
tq

(e,3,3)
F

tq
(e,3,0)

(b)

Figure 3.4: Comparisonof estimation criteria: (a) quadratic, absolutevalue, Lorentzian functions (two
di�eren t ! 's); and (b) truncated-quadratic functions.

of the intensity signal I k [n ], where u = (u; v)T is a 2-D frequency. Supposethat the image I k� 1 has
been uniformly shifted to create the image I k , i.e., that I k [n ] = I k� 1[n � z]. This means that only
translational global motion exists in the image and all boundary e�ects are neglected. Then, by the
shift property of the Fourier transform

F [I k� 1[n � z]] = bI k� 1(u )e� j 2� u T z ; (3.31)

where u T denotesa transposedvector u . Since the amplitudes of both Fourier transforms are inde-
pendent of z while the argument di�erence

argfF [I k [n ]]g � argfF [I k� 1[n ]]g = � 2� u T z

dependslinearly on z, global motion can be recoveredby evaluating the phasedi�erence over a number
of frequenciesand solving the resulting over-constrained system of linear equations. In practice, this
method will work only for singleobjects moving acrossa uniform background. Moreover, the positions
of image points to which the estimated displacement z applies are not known; this assignment must
be performed in someother way. Also, care must be taken of the non-uniquenessof the Fourier phase
function which is periodic.

A Fourier-domain representation is particularly interesting for the cross-correlationcriterion (3.30).
Basedon the Fourier transform properties and under the assumption that the intensity function I is
real-valued, it is easyto show that:

F [C(d)] = F

"
X

n

I k [n ]I k� 1[n � d]

#

= bI k (u ) bI �
k� 1(u ) (3.32)

wherethe transform is applied in spatial coordinates, bI � is the complexconjugateof bI , and d is assumed
constant acrossthe image (independent of n ). This equation expressesspatial cross-correlationin the
Fourier domain, where it can be e�cien tly evaluated using the DFT.

Regularization

The criteria described thus far deal with the underconstrained nature of equations (3.24) and (3.25)
by applying a motion measurement to either a region, such as a block of pixels, or to the whole image
(frequency-domaincriteria). In consequence,resolution of the computed motion may su�er.
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In order to maintain motion resolution at the level of original images, the pixel-wise motion con-
straint equation (3.24) can be usedbut, to addressits underconstrainednature, it needsto be combined
with another constraint. In typical real-world images,moving objects are closeto being rigid. Upon
projection onto the imageplane this inducesvery similar motion of neighboring imagepoints within the
object's projection area. In other words, the motion �eld is locally smooth. Therefore, a motion �eld
� t must be sought that satis�es the motion constraint (3.24) as closeas possibleand simultaneously is
as smooth as possible. Sincegradient is a good measureof local smoothness,this may be achieved by
minimizing the following criterion [13]:

E(� ) =
Z

D

�
r T I (x )� (x ) +

@I (x )
@t

� 2

+ �
�
kr (� 1(x ))k2 + kr (� 2(x ))k2�

dx ; (3.33)

where D is the domain of the image. This formulation is often referred to as regularization [2]. Note
that the smoothnessconstraint may be also viewed as an alternativ e spatial motion model to those
described in Section 3.4.1.

Bayesian criteria

Bayesiancriteria form a very powerful probabilistic alternativ e to the deterministic criteria described
thus far. If motion �eld dk is a realization of vector random �eld D k with a given a priori probabilit y
distribution, and image I k is a realization of scalar random �eld I k , then the MAP estimate of dk

(Section 3.2.3) can be computed as follows [16]:

bdk = argmax
d

P(D k = dk jI k = I k ; I k� 1)

= argmax
d

P(I k = I k jD k = dk ; I k� 1) � P(D k = dk ; I k� 1): (3.34)

In this notation, the semicolonindicates that subsequent variables are only deterministic parameters.
The �rst (conditional) probabilit y distribution denotesthe likelihood of image I k given displacement
�eld dk and the previous imageI k� 1, and therefore is closelyrelated to the observation model. In other
words, this term quanti�es how well a motion �eld dk explains the intensity change between I k and
I k� 1. The secondprobabilit y P(D k = dk ; I k� 1) embodies the prior knowledgeabout the random �eld
D k , such as its spatial smoothness,and therefore can be thought of as a motion model. It becomes
particularly interesting when D k is a MRF. By maximizing the product of the likelihood and the prior
probabilities one attempts to strike a balancebetweenmotion �elds that give a small prediction error
and those that are smooth.

3.4.3 Search strategies

Once models have been identi�ed and incorporated into an estimation criterion, the last step is to
develop an e�cien t (complexity) and e�ectiv e (solution quality) strategy for �nding an estimate of
motion parameters.

For a small number of motion parameters and a small state space for each of them, the most
commonsearch strategy when minimizing a prediction error, like (3.27), is matching. In this approach,
motion-compensatedpredictions eI k [n ] = I k� 1[n � d[n ]] for various motion candidatesd are compared
(matched) with I k [n ] within the region of support of the motion model (pixel, block, etc.). The
candidate yielding the best match for a given criterion becomesthe optimal estimate. For small state
spaces,as is the casein block-constant motion models usedin today's video coding standards, the full
state spaceof each motion vector can be examined (exhaustive search) but partial search often gives
almost as good results (Section 3.5.2).

As opposedto matching, gradient-based techniquesrequire an estimation criterion E that is di�eren-
tiable. Sincethis criterion dependson motion parametersvia the image function, as in I k� 1[n � d[n ]],
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to avoid non-linear optimization I is usually linearized using Taylor expansion with respect to d[n ].
Due to the Taylor approximation, the model is applicable only in a small vicinit y of the initial d. Since
the initial motion is usually assumedto be zero, it comesasno surprise that gradient-basedestimation
yields accurate results only in regions of small motion; the approach fails if motion is large. This
de�ciency is usually compensatedfor by a hierarchical or multiresolution implementation [24, Chapter
1]. An exampleof hierarchical gradient-based method is reported in Section 3.5.1.

For algorithms using a spatial non-causalmotion model, such asonebasedon MRFs, simultaneous
optimization of thousands of parameters may be computationally prohibitiv e3. Therefore, relaxation
techniquesare usually employed to construct a seriesof estimatessuch that consecutive estimatesdi�er
in one variable at most. In caseof estimating motion �eld d, a seriesof motion �elds d (0) ; d(1) ; : : :
is constructed so that any two consecutive estimates d (k� 1) ; d(k) di�er at most at a single site n . At
each step of the relaxation procedure the motion vector at a single site is computed; vectors at other
sites remain unchanged. Repeating this processresults in propagation of motion properties, such as
smoothness, that are embedded into the estimation criterion. Relaxation techniques are most often
usedin densemotion �eld estimation, but they equally apply to block-basedmethods.

In deterministic relaxation, such as Jacobi or Gauss-Seidel,each motion vector is computed with
probabilit y 1, i.e., there is no uncertainty in the computation process.For example,a new local estimate
is computedby minimizing the given criterion; variablesare updated oneafter another and the criterion
is monotonically improved step by step. Deterministic relaxation techniques are capableof correcting
spurious motion vectors in the initial state d(0) but they often get trapped in a local optimum near
d(0) . Therefore, the availabilit y of a good initial state is crucial.

The highestcon�dence �rst (HCF) algorithm [9] is an interesting variant of deterministic relaxation
that is insensitive to the initial state. The distinguishing characteristic of the method is its site visiting
schedule that is not �xed but driven by the input data. Without going into details, the HCF algorithm
initially selectsmotion vectors that have the largest potential for reducing the estimation criterion E.
Usually, theseare vectors in highly-textured parts of an image. Later, the algorithm includesmore and
more motion vectors from low-texture areas, thus building on the neighborhood information of sites
already estimated. By the algorithm's construction, the �nal estimate is independent of the initial state.
The HCF is capableof �nding closeto optimal MAP estimatesat a fraction of the computational cost
of the globally-optimal methods.

A deterministic algorithm speci�cally developed to deal with MRF formulations is called iterated
conditional modes (ICM) [3]. Although it does not maximize the a posteriori probabilit y, it �nds
solutions that are reasonablyclose. The method is basedon the division of sites of a random �eld into
N setssuch that each random variable associated with a site is independent of other random variables
in the sameset. The number of setsand their geometrydepend on the selectedcliquesof the MRF. For
example, for the �rst-order neighborhood system(Section 3.2.2), N equals2 and the two setslook like
a chessboard. First, all the sites of one set are updated to �nd the optimal solution. Then, the sites
of the other set are examinedwith the state of the �rst set already known. The procedureis repeated
until a convergencecriterion is met. Although the method convergesquickly, it does not lead to as
good solutions as the HCF approach. However, for each of the N sets,the method can be implemented
in parallel on a single-instruction multiple-data (SIMD) architecture.

The dependenceon a good initial state is eliminated in stochastic relaxation. In contrast to the
deterministic relaxation, the motion vector � under consideration is selectedrandomly (both its loca-
tion x and parameters b) thus allowing (with a small probabilit y) a momentary deterioration of the
estimation criterion [16]. In the context of minimization, such asin simulated annealing [12], this allows
the algorithm to \clim b" out of local minima and reach the global minimum. Stochastic relaxation
methods, are easyto implement and capableof �nding excellent solutions, but are slow to converge.

3There exist methods basedon causal motion models that are computationally inexpensive, e.g., pel-recursive motion
estimation, but their accuracy is usually lower than that of methods basedon non-causal motion models.
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3.5 Practical motion estimation algorithms

3.5.1 Global motion estimation

As discussedin Section 3.4.1, camera movement induces motion of all image points and, therefore,
is often an obstacle to solving various video processingproblems. For example, to detect motion
in video captured by a mobile camera, camera motion must be compensated �rst [17, Chapter 8].
Global motion compensation (GMC) plays also an important role in video compressionsince only a
few motion parametersare su�cien t to greatly reducethe prediction error when imagesto be encoded
are acquired, for example,by a panning camera. GMC has beenincluded in version 2 of the MPEG-4
video compressionstandard (Chapter 10).

Sincecameramotion is limited to translation and rotation, and a�ects all imagepoints, a spatially-
parametric (e.g., a�ne (3.20)) and temporally-linear (3.21) motion model supported on the whole image
is appropriate. Note, that the spatially-parametric motion models are accurate only for speci�c image
formation, and object motion/surface models(Section 3.4.1). Under the constant-in tensity observation
model (3.25), the pixel-basedquadratic criterion (3.28) leadsto the following minimization:

min
b

E(� ); E(� ) =
X

n

"2[n ]; " [n ] = I k [n ] � I k� 1[n � � (n ) � (tk � tk� 1)]; (3.35)

where the dependenceof � on b is implicit (3.20) and tk � tk� 1 is usually assumedto equal 1. To
perform the above minimization, gradient descent can be used. However, sincethis method gets easily
trapped in a local minimum, an initial search for approximate translation components b1 and b2 (3.20),
that can be quite large, needsto be performed. This search can be executed, for example, using the
three-step block matching (Section 3.5.2).

Sincethe dependenceof the cost function E on b is nonlinear, an iterativ e minimization procedure
is typically used:

bn+1 = bn + H � 1c;

where bn is the parameter vector b at iteration n, H is a K � K matrix equal to 1/2 of the Hessian
matrix of E (i.e., matrix with elements @2E=@bk@bl ), c is a K -dimensional vector equal to -1/2 of rE ,
and K is the number of parameters in the motion model (6 for a�ne). The above equation can be
equivalently written as

P K
l=1 H kl � bl = ck ; k = 1; :::; K , where � b = bn+1 � bn and

H kl =
1
2

X

n

@2"2[n ]
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n

�
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= �
X

n

" [n ]
@"[n ]
@bk

:

The approximation of H kl is due to dropping the second-orderderivatives (see [21, page 683] for
justi�cation).

In order to handle large velocities and to speed up computations, the method needsto be imple-
mented hierarchically. Thus, an image pyramid is built with spatial pre-�ltering and sub-sampling
(usually by 2) applied betweeneach two levels. The computation starts at the top level of the pyramid
(lowest resolution) with b1 and b2 estimated in the initial step and the other parameters set to zero.
Then, gradient descent is performed by solving for � b, e.g., using singular value decomposition, and
updating bn+1 = bn + � b until a convergencecriterion is met. The resulting motion parameters are
projected onto a lower level of the pyramid4 and the gradient descent is repeated. This cycle is repeated
until the bottom of the pyramid is reached.

4The projection is performed by scaling the translation parameters b1 and b2 by 2 and leaving the other 4 parameters
unchanged.
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Since the global motion model applies to all image points, it cannot account for local motion.
Thus, points moving independently of the global motion may generatelarge errors " [n ] and thus bias
an estimate of the global motion parameters. The corresponding pixels are called outliers and, ideally,
should be eliminated from the minimization (3.35). This can be achieved by using a robust criterion
(Fig. 3.4) instead of the quadratic. For example, a Lorentzian function or a truncated quadratic
can be used, but both provide a non-zero cost for outliers. This reducesthe impact of outliers on
the estimation but does not eliminate it completely. To exclude the impact of outliers altogether,
a modi�ed truncated quadratic should be used such as � tq("; � ; 0) de�ned in (3.29). This criterion
e�ectiv ely limits the summation in (3.35) to the non-outlier pixels and is usedonly during the gradient
descent. The threshold � can be �xed or it can be madeadaptive, e.g.,by limiting the falsealarm rate.

Fig. 3.5 shows outlier pixels for two images\F oreman" and \Coastguard" declaredusing the above
method basedon the 8-parameter perspective motion model [30, Chapter 6]. Note the clear identi-
�cation of outliers on the moving head, boats and water. The outliers tend to appear at intensity
transitions since it is there that any inaccuracy in global motion causedby a local (inconsistent) mo-
tion will induce large error " ; in uniform-intensity areasundergoing local motion the error " remains
small. By excluding the outliers from the estimation, the accuracy of computed motion parameters is
improved. Since the true cameramotion is not known for these two sequences,the improvement was
measuredin the context of the GMC mode of MPEG-4 compression5. In comparisonwith non-robust
global motion estimation (� tq("; 1 ; �)), the robust method (� tq("; � ; 0)) resulted in bit rate reduction
of 8% and 15% for \F oreman" and \Coastguard", respectively [10].

3.5.2 Blo ck matc hing

Block matching is the simplest algorithm for the estimation of local motion. It usesa spatially-constant
(3.19) and temporally-linear (3.21) motion model over a rectangular region of support. Although, as
explained in Section 3.4.1, the translational 2-D motion is only valid for the orthographic projection
and 3-D object translation, this model applied locally to a small block of pixels can be quite accurate
for a large variety of 3-D motions. It has proved accurate enough to serve as the basis for most
of the practical motion estimation algorithms used today. Due to its simplicit y and regularity (the
sameoperations are performed for each block of the image), block matching can be relatively easily
implemented in VLSI and, therefore, is used today in real-time encoders for all video compression
standards (seeChapters 9 and 10).

In video compression,motion vectorsd areusedto eliminate temporal video redundancyvia motion-
compensatedprediction (3.27). Hence, the goal is to achieve as low an amplitude of the prediction
error " k [n ] as possible. By applying a criterion � at each pixel and accumulating the results over a
block, the method can be described by the following minimization:

min
d[m ]2P

E(d[m ]); E(d[m ]) =
X

n 2B m

�( I k [n ] � I k� 1[n � d[m ]]) 8m (3.36)

where P is the search area to which d[m ] belongs,de�ned as follows:

P = f n = (n1; n2) : � P � n1 � P; � P � n2 � Pg;

and Bm is an M � N block of pixels with the top-left corner coordinate at m = (m1; m2). The goal is
to �nd the best, in the senseof the criterion �, displacement vector d[m ] for each block Bm . This is
illustrated graphically in Fig. 3.6(a); a block is sought within imageI k� 1 that best matchesthe current
block in I k .

5MPEG-4 encoder (version 2) can sendparameters of global motion for each frame. Consequently , for each macroblock
it can make a decision as to whether to perform a temporal prediction based on global motion parameters or local
macroblock motion. The bene�t of GMC is that only few motion parameters (e.g., 8) are sent for the whole frame. The
GMC mode is bene�cial for sequenceswith camera motion or zoom.



Konrad: Motion Detection and Estimation 23

(a) (b)

(c) (d)

Figure 3.5: (a-b) Original imagesfrom CIF sequences\F oreman" and \Coastguard", and (c-d) pixels
declaredas outliers (black) according to a global motion estimate. Results from Dufaux and Konrad
[10]. Reproducedwith kind permissionof the Institute of Electrical and Electronics Engineers( c
 2000
IEEE).

Estimation criterion

Although an averageerror is usedin (3.36), other measuresare possible,such asmaximum error (min-
max estimation). To fully de�ne the estimation criterion, the function � must be speci�ed. Originally ,
�( x) = x2 was often used in block matching, but it was replaced by the absolute error criterion
�( x) = jxj for its simplicit y (no multiplications) and robustness in the presenceof outliers. Other
improved criteria have been proposed,such as basedon the median of squarederrors, however their
computational complexity is signi�cantly higher.

Also, simpli�ed criteria have been proposed to speed up the computations, for example, based
on adaptive quantization to 2 bits or pixel sub-sampling [4]. Usually, a simpli�cation of the original
criterion � leads to suboptimal performance. However, with an adaptive adjustment of the crite-
rion's parameters (e.g., quantization levels, decimation patterns) a close-to-optimal performance can
be achieved at signi�cantly reducedcomplexity.

Search metho ds

An exhaustive search for d[m ] 2 P that gives the lowest error E is computationally costly. An \in-
telligent" search, whereby only the more likely candidates from P are evaluated, usually results in
substantial computational savings. One popular technique for reducing the number of candidates is
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Figure 3.6: (a) Block matching between block Bm at time tk (current image) and all possibleblocks
in the search area P at time tk� 1. (b) Three-step search method. Large circles denote level 1 (P1),
squaresdenote level 2 (P2) and small circlesdenote level 3 (P3). The �lled-in elements denote the best
match found at each level. The �nal vector is (2,-5).

the logarithmic search. Assuming that P = 2k � 1 and denoting Pl = (P + 1)=2l , where k and l are
integers, the new reduced-sizesearch area is establishedas follows:

Pl = f n : n = (� Pl ; � Pl ) or n = (� Pl ; 0) or n = (0; � Pl ) or n = (0; 0)g

i.e., Pl is reduced to the vertexes,midway points between vertexesand the central point of the half-
sizedoriginal rectangle P. For example, for P = 7, P1 consistsof the following candidates: (� 4; � 4),
(� 4; 4), (4; � 4), (4; 4), (� 4; 0), (4; 0), (0; � 4), (0; 4), (0; 0). The search starts with the candidatesfrom
P1. Once the best match is found, the new search area P2 is centered around this match and the
procedureis repeated for candidatesfrom P2. Note that the error E doesnot have to be evaluated for
the (0; 0) candidate sinceit had beenevaluated at the previous level. The procedureis continued with
subsequently reducedsearch spaces.Since typically only 3 levels (l = 1; 2; 3) are used,such a method
is often referred to as the three-stepsearch (Fig. 3.6(b)).

In the logarithmic search above, at each step a 2-D search is performed. An alternativ e approach is
to perform 1-D searchesonly, usually in orthogonal directions. Examplesof block matching algorithms
basedon 1-D search methods are:

1. one-at-a-time search [26]: In this method, �rst a minimum of E is sought in one, for example
horizontal, direction. Then, given the horizontal estimate, a vertical search is performed. Sub-
sequently , horizontal search is performed given the previous vertical estimate, and so on. In
the original proposal, only the 1-D minima closestto the origin were examined, but later a 1-D
full-search was used to avoid the problem of getting trapped closeto the origin. Note that the
searchesare not independent sinceeach relies on the result of the previous one.

2. parallel hierarchical one-dimensionalsearch [4]: This method also performs 1-D searches in or-
thogonal directions (usually horizontal and vertical) but independently of each other, i.e., the
horizontal search is performed simultaneously with the vertical search since it does not depend
on the outcome of the latter. In addition, the 1-D search is implemented hierarchically. First,
every K -th location from P is taken as a candidate for the 1-D search. Once the minima in both
directions are identi�ed, new 1-D searchesbegin with every K =2-th location from P, and so on.
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Typically, horizontal and vertical searches using every 8-th, 4-th, 2-nd and �nally every pixel
(within the limits of P) are performed.

A remark is in order at this point. All the fast search methods are basedon the assumption that the
error E hasa singleminimum for all d[m ] 2 P or, in other words, that E increasesmonotonically when
moving away from the best-match position. In practice this is rarely true sinceE dependson d[m ] via
the intensity I , which can be arbitrary . Therefore, multiple local minima often exist within P and a
fast search method can be easily trapped in any one of them whereasan exhaustive search will always
�nd the \deepest" minimum. This is not a very seriousproblem in video coding since a sub-optimal
motion estimate translates into an increasedprediction error (3.27) that will be entropy coded and,
at most, will result in rate increase. It is a seriousproblem, however, in video processingwhere the
true motion is sought and any motion errors may result in uncorrectabledistortions. A good review of
block matching algorithms can be found in [4].

3.5.3 Phase correlation

As discussedabove, block matching can precisely estimate local displacement but must examine all
possiblecandidates (exhaustive search). At the sametime, methods basedon the frequency-domain
criteria (Section 3.4.2) are capable of identifying global motion but cannot localize it in space-time.
By combining the two approaches, phasecorrelation [29] is able to exploit advantages of both. First,
likely candidatesare computed using a frequency-domainapproach and then they are assigneda spatial
location by local block matching.

Recall the cross-correlationcriterion C(d) expressedin the Fourier domain (3.32). By normalizing
F [C(d)] and taking the inversetransform one obtains:

	 k� 1;k (n ) = F � 1

(
bI k (u ) bI �

k� 1(u )

j bI k (u ) bI �
k� 1(u )j

)

: (3.37)

	 k� 1;k (n ) is a normalized correlation computed between images I k and I k� 1. In the special caseof
global translation (I k [n ] = I k� 1[n � z]), by using the transform (3.31) it can be easily shown that this
correlation becomesa Kronecker delta function (� (x ) equals0 for x 6= 0 and 1 for x = 0):

	 k� 1;k (n )jI k [n ]= I k � 1 [n � z ] = F f e� j 2� u �z g = � (n � z):

In practice, when global translation and intensity constancy hold only approximately, 	 k� 1;k has a
more complicated shape, potentially with numerous peaks buried in noise. These peaks correspond
to dominant displacements between I k� 1 and I k , and, if identi�ed, are very good candidates for �ne-
tuning by, for example, block matching. Note that no explicit motion model has been used thus far,
while the observation model, as usual, is that of constant intensity and the estimation criterion is the
cross-correlation. In practice, the method can be implemented as follows [29]:

1. divide I k� 1 and I k into large blocks, e.g., 64� 64 (motion range of � 32 pixels), and take the fast
Fourier transform (FFT) of each block,

2. compute 	 k� 1;k using same-position blocks in I k� 1 and I k ,

3. take the inverseFFT of 	 k� 1;k and identify the dominant peaks,

4. usethe dominant peak coordinates as the candidate vectors for 16� 16-pixel block matching.

The phase correlation method is basically an e�cien t maximization of a correlation-based error
criterion. The shape of the maxima of the correlation surface is weakly dependent on the image
content and the measurement of their locations is relatively independent of illumination changes.This
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is due, predominantly , to the normalization in (3.37). However, rotations and zooms cannot be easily
handled since the peaks in 	 k� 1;k are hard to distinguish due to non-constancyof the corresponding
motion �elds.

3.5.4 Optical 
o w via regularization

Recall the regularized estimation criterion (3.33). It usesa translational/linear motion model at each
pixel under the constant-in tensity observation model and quadratic error criterion. In order to �nd
the continuous functions � 1 and � 2, implicitly dependent on x , the functional in (3.33) needsto be
minimized, which is a problem in the calculus of variations. The Euler-Lagrangeequationsyield [13]:
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wherer 2 = @2=@x2+ @2=@y2 is the Laplacian operator. This pair of elliptic partial di�eren tial equations
can be solved iterativ ely using �nite-di�erence or �nite-element discretization.

An alternativ e is to formulate the problem directly in the discrete domain. Then, the integral in
(3.33) is replacedby a summation while the derivatives are replacedby �nite di�erences. In [13], for
example,an averageof �rst-order di�erences computedover a 2� 2� 2 cubewasused. By di�eren tiating
this discrete cost function, a system of equations can be computed and subsequently solved by Jacobi
or Gauss-Seidelrelaxation. This discrete approach to regularization is a special caseof the MAP
estimation presented next.

3.5.5 MAP estimation of dense motion

The MAP formulation (3.34) is very generaland requires further assumptions. The likelihood P(I k =
I k jD k = dk ; I k� 1) relates one image to the other via dk . Since I k [n ]= I k� 1[n � dk [n ]]+ " k [n ] (3.27),
the characteristics of this likelihood reside in " k . For accurate displacement estimates the prediction
error " k is expected to behave like a noise term. In fact, it has beenshown that the statistics of " k at
speci�c n are reasonablycloseto those of a zero-meanGaussiandistribution, although a generalized
Gaussianis a better �t [28]. Therefore, assumingno correlation among " k [n ] for di�eren t n , P(I k =
I k jD k = dk ; I k� 1) can be fairly accurately modeled by a product of zero-meanGaussiandistributions.

The prior probabilit y is particularly 
exible when D k is assumedto be a MRF. Then, P(D k =
dk ; I k� 1) is a Gibbs distribution (Section 3.2.2) uniquely speci�ed by cliquesand a potential function.
For example, for two-element cliquesf n ; l g the smoothnessof D k can be expressedusing the following
potential function:

Vs(dk [n ]; dk [l ]) = kdk [n ] � dk [l ]k2; 8f n ; l g 2 C;

where k � k denotesthe Euclidean norm. Clearly, for similar dk [n ] and dk [l ] the potential Vs is small
and thus the prior probabilit y is high, whereasfor dissimilar vectors this probabilit y is small.

Since both likelihood and prior probabilit y distributions are exponential in this case, the MAP
estimation (3.34) can be re-written as energyminimization:

bdk = argmin
d

�
1

2� 2

X

n

�
(I k [n ] � I k� 1[n � d[n ]])2 +

X

f n ;l g2C

kd[n ] � d[l ]k2
��

: (3.38)

The aboveenergycanbeminimized in variousways. To attain the global minimum, simulated annealing
(Section 3.4.3) should be used. Given su�cien tly many iterations the method is theoretically capable
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of �nding the global minimum, however at considerablecomputational cost. On the other hand the
method is easyto implement [16]. A faster alternativ e is the deterministic ICM method that doesnot
�nd a true MAP estimate, although usually �nds a closeenoughsolution in a fraction of time taken by
simulated annealing. Even more e�ectiv e is the HCF method, although its implementation is a little
bit more complex.

It is worth noting that the formulation (3.38) comprises,as a special case,the discrete formulation
of the optical 
o w computation mentioned in Section3.5.4. Considerthe constraint (3.24). Multiplying
both sidesby � t = tk � tk� 1 it becomesI xd1 + I yd2 + I t � t = 0, whered1 = � 1� t and d2 = � 2� t , while
I x , I y , I t are discrete approximations to horizontal, vertical and temporal derivatives, respectively.
This constraint is not satis�ed exactly for real data; I xd1 + I yd2 + I t � t is a noise-like term with
characteristics similar to the prediction error " k . This is not surprising since both originate from the
sameconstant-in tensity hypothesis. By replacing the prediction error in (3.38) with this new term one
obtains a cost function equivalent to the discreteformulation of the optical 
o w problem (Section 3.5.4)
[13].

The minimization (3.38) leads to smooth displacement �elds dk , also at object boundaries which
is undesirable. To relax the smoothness constraint at object boundaries, explicit models of motion
discontinuities (line �eld) [16] or of motion segmentation labels (segmentation �eld) [28] can be easily
incorporated into the MRF formulation, although their estimation is far from trivial.

3.5.6 Exp erimen tal comparison of motion estimation metho ds

To demonstrate the impact of various motion models, Fig. 3.7 shows results for the QCIF sequence
\Carphone". Both the estimateddisplacements and the resulting motion-compensatedprediction errors
are shown for pixel-based (dense), block-based and region-basedmotion models. The latter motion
estimate was obtained by minimizing the mean squarederror (�( " ) = " 2 in (3.28)) within each region
R from Fig. 3.7.c for the a�ne motion model (3.20).

Note the lack of detail in the block-basedmotion estimate (16� 16-pixel blocks), but approximately
correct motion of the head. The pixel-basedmodel results in a very smooth estimate with more spatial
detail around the moving head but a reducedprecision in low-texture areas. The region-basedmotion
estimate shows both better accuracy and detail. Although the associated segmentation (Fig. 3.7.c)
doesnot correspond exactly to objects as perceived by humans, it neverthelessclosely matchesobject
boundaries. The motion of the headand of the upper body is well-captured, but the motion of landscape
in the car window is exaggerateddue to the lack of image detail. As for the prediction error, note the
blocking artifacts for the block-basedmotion model (31.8dB6) but a very small error for the pixel-based
model (35.9dB). The region-basedmodel results in a slightly higher prediction error (35.5dB) than the
pixel-basedmodel, but signi�cantly lower than that of the block model.

3.6 Perspectiv es

In the last two decades,motion detection and estimation have moved from research laboratories to
specializedproducts. This has beenmade possibleby two factors. First, enormousadvancesin VLSI
have facilitated practical implementation of CPU-hungry motion detection and estimation algorithms.
Secondly, new models and estimation algorithms have lead to improved reliabilit y and accuracyof the
estimated motion. With the continuing advancesin VLSI, the complexity constraints plaguing motion
algorithms will becomelessof an issue. This should allow practical implementation of more advanced
motion models and estimation criteria, and, in turn, further improve the accuracy of the computed

6The prediction error is de�ned as follows: 10log(2552=E(d)) [dB] for E from (3.28) with quadratic � and R being the
whole image.
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motion. Oneof the promising approachesstudied today is the joint motion segmentation and estimation
that e�ectiv ely combines the detection and estimation discussedseparately in this chapter.
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(a) (b) (c)

(d) (e) (f )

Figure 3.7: Original frames (a) #168 and (b) #171 from QCIF sequence\Carphone"; (c) motion-
basedsegmentation of frame #171; motion estimates (sub-sampled by 4) and the resulting motion-
compensatedprediction error (magni�ed by 2) at frame #171 for: (d) dense-�eld MAP estimation; (e)
16� 16-pixel block matching; (f ) region-basedestimation for segments from (c). Results from Konrad
and Stiller [17, Chapter 4]. Reproduced with kind permissionof Springer Scienceand BusinessMedia.


