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Abstract

In this chapter we present Gibbs-Markov models for 2-D motion in the context of their
application to video coding and processing. We study nonlinear trajectory model that incorpo-
rates both velocity and acceleration. Although the maximum a posteriori probability criterion
is the preferred choice for most motion estimation algorithms based on Gibbs-Markov models,
we discuss the more general Bayesian criterion, including the merits of several loss functions.
We describe various models for the likelihood and prior probability distributions, but we con-
centrate on pixel-, block- and region-based motion models. We propose a new motion model
that incorporates acceleration into the affine model. This contribution is mainly theoretical,
however we present some experimental results to underline essential differences between models
discussed.

4.1 Introduction

In this chapter we are concerned with Gibbs-Markov models used in the computation of 2-D
motion from time-varying images. Our goal is to propose a general formulation that incorpo-
rates nonlinear motion trajectories, multichannel (vector) observations and that is applicable at
various levels of image detail, for example at pixel, block and (arbitrarily-shaped) region level.
To achieve this objective we link individual Gibbs-Markov models by the a posteriori probability
that we eventually exploit in various Bayesian estimation criteria. We discuss the most popular
one, the maximum a posteriori probability criterion, along with other criteria based on different
Bayes risk functions.

Estimation of 2-D motion from dynamic images is a typical inverse problem (the direct
problem being the formation of time-varying intensities due to object/camera motion) that is
ill-posed and as such is very difficult to solve [2]. Despite this difficulty many approaches to
the problem have been proposed in the last two decades; methods presented in [34, 21, 33] are
but 3 examples of dozens of methods developed. This activity can be partially attributed to
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the rapid development of digital video compression techniques in which 2-D motion plays an
essential role.

Efficient encoding of time-varying images is essential for economical use of network or storage
resources in the provision of video services. Image sequences can be compressed by independent
coding of each frame (intraframe coding) or by straightforward extension of spatial coding
techniques to three dimensions (e.g., 3-D transform coding). However, such approaches ignore
the fact that the majority of new information (innovations) in a time-varying image is carried
by motion. Since the correlation of image intensity or color is very high along the direction
of motion, the knowledge of motion helps in removing interimage redundancy, as is the case
in predictive or hybrid (predictive/transform or predictive/subband) coding compensated for
motion. In fact, algorithms currently used in videoconferencing, digital and high-definition TV
are of the hybrid type [40]. Other applications that can greatly benefit from the knowledge of
motion are sampling structure conversion and noise reduction. Again, due to the high correlation
along motion trajectories, motion-compensated interpolation is the most effective tool in both
cases. In the sampling structure conversion missing samples can be reliably recovered, whereas in
noise reduction noise can be suppressed without altering image features. A very good discussion
of those and related issues can be found in [40].

The remainder of this chapter is organized as follows. In the next two sections, a framework
for the description of motion models is established. Then, various statistical estimation criteria
are discussed. Finally, pixel-, block- and region-based Gibbs-Markov motion models are pre-
sented. The main focus of this contribution is the description of various motion models; some
experimental results are included but more can be found in our previous publications.

4.2 Framework

As pointed out in the introduction, we are interested in the computation of motion in the context
of video processing and compression. Therefore, we assume that time-varying images from which
motion is computed are obtained by a camera that projects a 3-D scene onto a 2-D image plane.
Furthermore, we assume that every point in the image corresponds to a single point in the
3-D scene; transparent or reflective surfaces are not accounted for. The relative motion of the
scene and camera results in 2-D motion on the image plane of projections of scene points and
a consequent time variation of the image. Let x = (x, y) denote the spatial coordinate of an
image point. Since the coordinates x and y of the projection of a point in the 3-D scene onto
the 2-D image plane vary in time t, it is useful to consider the trajectory of an image point in
a conceptual 3-D xyt space.

Let the function c(τ ;x, t) mathematically describe a trajectory in the image plane, i.e., let
c(τ ;x, t) be the spatial position at time τ of an image point which at time t was located at x

[14]. c(τ ;x, t) describes a 2-D trajectory in the image plane, while (c(τ ;x, t), τ) describes a 3-D
trajectory in the xyt space. Clearly, there is a unique mapping between the two trajectories.

The shape of the trajectory c(τ ;x, t) depends on the nature of object motion. We define the
instantaneous velocity v of a pixel at (x, t) as follows:

v(x, t) =
dc(τ ;x, t)

dτ

∣∣∣∣
τ=t

.

If the velocity v is constant along the motion trajectory passing through (x, t), then 2-D and
3-D trajectories are linear. In general, however, image points undergo acceleration. If an image
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point accelerates along a straight line, the 2-D trajectory in the image plane is linear. However,
the same point traces out a nonlinear trajectory in the xyt space. An image point may also
accelerate along a nonlinear 2-D trajectory, thus tracing a nonlinear 3-D trajectory in the xyt
space.

Since it is difficult, if not impossible, to estimate a continuum of motion trajectories in the
xyt space, we limit our task to the estimation of segments of trajectories c(τ ;x, t) for τ in some
time interval containing t, where (x, t) is defined on a sampling lattice Λc ⊂ R3. For simplicity
we consider only orthorhombic lattices Λc and we assume that there are M locations (pixels) in
Λc at time t. A generalization is possible if we apply trajectory c to a region of support. Then,
c may describe (Fig. 4.1):

1. motion of a pixel at (x, t) ∈ Λc,
2. motion of a rectangular block of pixels B(x, t) with the center at x,
3. motion of an arbitrarily-shaped region R.

The issue of model support is further discussed in the next section and also in sections describing
the three motion models.

(a) (b) (c)

Figure 4.1: Schematic representation of motion for three regions of support: (a) pixel, (b) block
and (c) arbitrarily-shaped region.

A trajectory c is usually estimated from intensity or luminance images. Since there is no
particular reason to use only luminance for motion estimation, we consider a more general case
where motion is estimated from several cues simultaneously, e.g., components of a color image
or combination of range and infrared data. Consequently, we develop models that are based on
vector observations. Let u be the true underlying K-component image that is continuous in
amplitude and in coordinates, and let g = [g1, g2, ..., gK ]T be an observed discrete image.

We take into account occlusion effects present in dynamic images by defining an occlusion field

o(x, t) with samples on Λc. Every occlusion tag o can take one of several possible occlusion states,
e.g., moving/stationary (visible), occluded, newly exposed. The number of such states is finite
and depends on the number of images used in the estimation. To estimate the trajectories c in
practice, we will model them by parametric functions cp over some time interval; details of such a
parametrization will be provided in Section 4.3. Since parameters of these functions may change
rapidly at object boundaries, we permit such a variation by defining a motion discontinuity field 2

l(x, t) over a union of two orthorhombic cosets specifying positions of horizontal and vertical
discontinuities [26]. Another way to allow such a discontinuity is by the introduction of a generic

2Field l is often called a line process [16], while a single variable is called a line element.
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segmentation field s(x, t) defined on Λc, identifying the object to which the site (x, t) belongs
[38].

We model the trajectories c, discontinuities l, occlusions o and segmentations s as samples
of Markov random fields (MRFs) C, L, O, S, respectively. Since the characterization of a MRF
through conditional probabilities is nearly impossible due to potential inconsistency problems,
we use the Hammersley-Clifford theorem [3] and describe the MRF by a Gibbs distribution3.

Let the subscript t denote the restriction of an image g to time instant t, i.e., gt. Since we
consider t to be the reference point, i.e., time at which the unknown attributes are estimated,
such a restriction is implicit for c, l, o, s, and therefore omitted.

Since the models to be discussed may associate trajectories c with various combinations of
motion attributes, in order to simplify notation we will use γ (random field Γ) to denote such
generic attributes, e.g., γ = (o, l) (Γ = (O,L)). Thus, our goal is to find optimal estimates of
(c, γ) corresponding to the true underlying image u based on observations G = {gτ : τ ∈ It},
where It denotes the set of time instants of images g used in the estimation, i.e., It = {τ :
gτ is used in the estimation of (c, γ)}.

4.3 Motion trajectory models

A trajectory c(τ ;x, t) mathematically describes the motion of a point in the image plane. This
motion may be very complex, thus needing a complex underlying model. Often, however, a
simple model, such as the assumption of linear trajectories, is sufficient. For linear motion with
constant velocity v(c(τ ;x, t), τ) = v(x, t), we define a displacement d as follows

d(τ ;x, t) = v(x, t) · (τ − t).

Then, the associated linear trajectory can be expressed by

c(τ ;x, t) = x + v(x, t) · (τ − t). (4.1)

Consequently, for linear motion the task is to find, for each pixel (x, t), the two components of
the velocity v(x, t) or displacement d(τ ;x, t). This is the predominant model used to date.

A natural extension of the linear model is a quadratic trajectory model accounting for ac-
celeration of image points, which can be described by the following equation

c(τ ;x, t) = x + v(x, t) · (τ − t) +
1

2
· a(x, t) · (τ − t)2. (4.2)

The model is based on two velocity (linear) variables v = [vx, vy]
T and two acceleration (quadratic)

variables a = [ax, ay]
T thus accounting for second-order effects. This model is relatively new

and only recently has it been demonstrated to benefit motion computation both in the Fourier-
transform domain [7] and in the original space-time domain [5]. Furthermore, the model could
be extended to higher-order effects (i.e., derivative of acceleration) as suggested in [9].

Since trajectories c have been written so far as general functions of x and t, they belong
to an infinite-dimensional space. To make the estimation problem tractable, we assume that
each motion trajectory c(τ ;x, t) over a certain time interval containing t can be described

3In order to facilitate understanding of the models, a brief review of Markov random fields, Gibbs distributions
and the relationship between them is given in Appendix A.
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by a parametric function cp(τ ;x, t) uniquely identified by the parameter vector p. With this
assumption cp belongs to a finite-dimensional space.

In particular, for the linear trajectory model (4.1) the parameter vector pi takes the following
form:

pi = [vx(xi, t) vy(xi, t)]
T ,

and the search for an estimate is executed in R2. Similarly, each quadratic trajectory (4.2) is
described by the following parameter vector in R4:

pi = [vx(xi, t) vy(xi, t) ax(xi, t) ay(xi, t)]
T

The above trajectory models have been developed for pixel-based algorithms, however one
can easily imagine extending those models to blocks or arbitrarily-shaped regions. The linear
trajectory model over square blocks has been used very successfully in the current video com-
pression standards. Also, an acceleration has been allowed implicitly in the so-called “B”-frame
mode of MPEG (independent backward and forward motion vectors). However, no quadratic
trajectory models defined on blocks have been studied to date over more than three frames.

Similarly, only temporally-linear motion models have been studied to date in the case of
arbitrarily-shaped regions, e.g., spatially-constant, spatially-quadratic or affine. The quadratic
trajectory model (4.2) suggests an extension of region-based motion models to include accelera-
tion. This is discussed in detail in Sections 4.7 and 4.8. In consequence, the temporally-quadratic
model would involve estimation of motion parameters using multiple frames as opposed to two
frames used today.

4.4 MAP and other Bayesian criteria

Since the goal of this chapter is to present statistical models for motion computation, we only
consider estimation criteria derived from the statistical basis. Moreover, we constrain ourselves
to a narrower class of Bayesian criteria due to their flexibility and practical value as demon-
strated in various image processing [16] and computer vision [27] applications. In this class the
maximum a posteriori probability (MAP) criterion has been explored first and consequently has
been adopted by several researchers (image reconstruction [16], image segmentation [11, 29],
motion segmentation [32, 6], motion estimation [26, 19]).

For the problem of joint estimation of motion trajectory field c and its attribute γ, MAP
estimation can be described as follows:

(ĉ, γ̂) = arg max
(c,γ)

P (C = c, Γ = γ|G) (4.3)

where (ĉ, γ̂) is the MAP estimate of both fields. Above, the distribution P (C = c, Γ = γ|G)
denotes a probability mass function where c may be discrete- or continuous-valued and γ is
discrete-valued.

Using the Bayes rule, the above maximization can be rewritten

(ĉ, γ̂) = arg max
(c,γ)

P (Gn = Gn|c, γ,gtn) · P (C = c, Γ = γ|gtn). (4.4)

Above, tn ∈ It is an arbitrarily chosen time instant from It and Gn = {gτ : τ ∈ It − {tn}}.
Gn denotes a suitable random field for Gn. To solve (4.4) for (ĉ, γ̂), the likelihood P (Gn =
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Gn|c, γ,gtn) and the a priori probability distribution P (C = c, Γ = γ|gtn) must be known. These
distributions are uniquely defined by the models to be described in the subsequent sections: the
likelihood model is responsible for the relationship between the estimated motion (and/or its
attributes) and the images, whereas the prior model takes care of the assumed properties of
motion and attribute fields.

Another estimation criterion frequently used for the recovery of a continuously-changing
characteristic, such as image intensity, has been the mean-squared error (MSE) [18]. It is not
suitable, however, for problems where a generic variable is sought, e.g., occlusion or segmentation
map of an image. To handle such cases, a more general class of criteria based on the Bayes risk,
also referred to as minimum expected cost (MEC) criteria, can be used. In such a criterion, the
Bayes risk R, defined as the expectation of a cost functional J (also called loss) measuring the
discrepancy between the estimate and a random variable, is minimized:

R(ĉ) =

∫
J(C, ĉ)P (C|G)dC.

The special case of the MAP criterion (4.3) can be defined by a “hit or miss” loss function
in the limit of ∆ → 0:

J1(C, ĉ) = −
1

∆P
rect

(
C − ĉ

∆

)
(4.5)

provided, the limit exists [35]. Above, rect(·) denotes the P -dimensional rectangular function:

rect(C) =

{
1 if |Ci| < 0.5 ∀i
0 otherwise

where C = [C1C2...CP ]T .
Criteria other than MAP are well-known in the estimation theory, but have rarely been used

for computer vision problems. Some examples in the context of image reconstruction and stereo
matching are reported in [27].

In what follows, we concentrate on two Bayesian criteria for discrete random processes that
seem particularly relevant to the problems studied here. For the estimation of motion trajectories
c, the minimum MSE (MMSE) estimation is defined based on the L2 norm ‖ · ‖:

J2(C, ĉ) =
M∑

i=1

‖C(xi) − ĉ(xi)‖
2. (4.6)

The above criterion has been studied in the context of constant-velocity motion (displacement
estimation) [26]. Although expected to outperform the MAP criterion for noisy observations, as
reported for image segmentation [28], the MMSE criterion performed similarly. Possible reasons
for this are discussed in [26], but further studies are needed.

Another Bayesian criterion given by the loss function

J3(Γ, γ̂) =
M∑

i=1

{1 − δ(Γ(xi) − γ̂(xi))}, (4.7)

leads to the maximum marginal a posteriori probability (MMAP) estimate. Since δ(·) is the dis-
crete impulse function, the error at each site xi is binary and does not grow with the discrepancy
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between Γ and γ̂ as is the case in (4.6). Compared to the MAP estimation (loss function (4.5))
that maximizes the overall a posteriori distribution, MEC estimation based on the loss function
J3 maximizes the a posteriori marginal distribution at each site xi. Although seemingly less
interesting, the MMAP estimation has been reported to perform well, and often better than
the MAP estimation, in binary image segmentation under high noise levels [28]. Intuitively this
may be explained as follows. For a high SNR the expected optimal segmentation error is close
to zero, so that MAP and MMAP estimates coincide. If the SNR is low, however, the MAP
estimator tends to be too conservative; one or dozens of mistakes are equally costly. On the
other hand, in the case of the MMAP estimator few mistakes have only a marginal effect on the
expected cost; the estimator can make a better, although a more risky, guess.

It can be shown, that for discrete-valued c and for criterion (4.6) the optimal estimate ĉ(xi)
is the value closest to the posterior mean

c̄(xi) =
∑

c

∑

γ

c(xi)P (C = c, Γ = γ|G). (4.8)

Thus, the optimal estimate ĉ is obtained by first computing the posterior mean c̄ (conditioned on
G) and then by selecting a vector c closest to c̄. For a continuous-valued c, the first summation
in (4.8) would be replaced by an integral, and ĉ would be equal to c̄.

Similarly, it can be shown that for criterion (4.7), the optimal estimate γ̂(xi) is the value q
that maximizes the posterior marginal:

Pi(q) =
∑

c

∑

γ:γ(xi)=q

P (C = c, Γ = γ|G). (4.9)

Again, first the posterior marginal Pi(q) must be computed for all q from the state space of
γ(xi), and then the optimal estimate γ̂ is found by selecting q that gives the highest posterior
marginal Pi(q).

Note that, similarly to the MAP estimation, the posterior distribution P (C = c, Γ = γ|G)
is needed in both cases of the MEC estimation. Using the Bayes rule, this distribution can be
expressed as follows:

P (C = c, Γ = γ|G) =
P (Gn = Gn|c, γ,gtn)P (C = c, Γ = γ|gtn)

P (Gn = Gn|gtn)
. (4.10)

The fact that the denominator is independent of (c, γ) permits an alternative formulation of the
MAP estimation (4.4). Since C and Γ are MRFs we know, by the Hammersley-Clifford theorem
[3], that P (C = c, Γ = γ|G) is a Gibbs distribution (Appendix A)

P (C = c, Γ = γ|G) =
1

Z
e−U(c,γ,G)/β.

Due to this particular functional form of the posterior distribution, the MAP estimation can be
reduced to the minimization

(ĉ, γ̂) = arg min
(c,γ)

U(c, γ,G)

that can be performed in various ways. The global optimum of U can be achieved by simulated
annealing based on the Metropolis algorithm [30] or Gibbs sampler [16]. In each case a Markov
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chain is generated for c and γ that under certain conditions [16] converges to the global minimum
of U . In the Metropolis algorithm, states are generated from the uniform distribution followed
by acceptance/rejection based on decrement/increment of energy U . To allow occasional energy
increase in search for the global minimum, states with energy increment may be accepted as well,
however with lower probability. In the Gibbs sampler, under the assumption that γ̂ is known
(e.g., from previous iteration), random states are generated for ĉ(xi) based on the marginal
probability P (c(xi)|c(xj), i 6= j, γ̂,G). Similarly, the Gibbs sampler is applied to γ(xi) according
to P (γ(xi)|γ(xj), i 6= j, ĉ,G). Simulated annealing based on the Gibbs sampler has been proven
to converge, under certain conditions, to the global optimum [16]. Unfortunately the method
is very intensive computationally. It has been argued, however, that almost optimal results can
be achieved for some problems by less intensive deterministic minimization algorithms such as
the “highest confidence first” method [8], the multiscale implementation [20] of the “iterated
conditional modes” [4] or the multiresolution implementation of the Gauss-Newton minimization
[25].

In order to find MEC estimates directly from equations (4.8) and (4.9), summations over all
possible configurations of c and γ must be carried out. For large M and finely-quantized c or
γ this may be prohibitively expensive. To alleviate the problem, Marroquin [28] has proposed
to exploit statistical properties of Markov chains generated by the Metropolis algorithm or the
Gibbs sampler. In particular, he proposed to exploit the regularity of the generated Markov
chains and to approximate the posterior mean (4.8) by a sample mean and the posterior marginal
distribution (4.9) by a frequency of occurrence. For sufficiently long chains both provide a good
approximation and have been used in practice (image reconstruction [27], motion estimation
[26].

A few words about the relative merits of both criteria types are in order. While the MEC
criteria based on the loss functions J2 and J3 draw expectation over large domains and therefore
are more resilient to noise in the observations, various fast statistical and deterministic optimiza-
tion methods lend themselves to an approximation of the MAP estimate. This is important from
the computational point of view since most statistical estimation methods are highly intensive
computationally. If we are bound, however, to use a statistical solution method (e.g., the Gibbs
sampler), the computation of the posterior marginal or mean does not require establishing the
delicate annealing schedule unlike in the case of simulated annealing (MAP). Moreover, coarse
estimates can be established very rapidly, and subsequently refined to a higher precision.

4.5 Models for the likelihood distribution

The likelihood P (Gn = Gn|c, γ,gtn), responsible for the relationship between motion and image
sequence, is an essential element of the measurement of (unobservable) motion. This relation-
ship, called the structural model, addresses the direct problem of projecting moving objects onto
the image plane. This has been traditionally studied at the level of pixels or blocks of pixels.
Recently, also arbitrarily-shaped regions of an image have been used since they are expected to
provide more stable properties.

Since we are interested in resolving the correspondence problem between few neighboring
images only, a natural (and frequent) hypothesis made is that image brightness along motion
trajectories be constant [34, 21]. This can be expressed as follows:

u(x, t) = u(c(τ ;x, t), τ), ∀ x ∈ R, (4.11)
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where u is the K-component underlying image and R denotes an image area where this rela-
tionship applies (pixel, block of pixels or arbitrarily-shaped region).

Obviously, the relationship (4.11) does not hold when a change of scene illumination plays
a role. To handle such a departure from brightness or color constancy, another approach must
be used. One possibility is to model the difference between both sides of equation (4.11) by a
smooth function representing a slowly varying illumination error [17, 31]. This allows handling of
arbitrary illumination effects, but requires estimation of an additional field. Another possibility
is to use an image property that is more stable under illumination change, e.g., a spatial variation
of intensity. This reasoning has lead to the following structural model:

∇u(x, t) = ∇u(c(τ ;x, t), τ), ∀ x ∈ R, (4.12)

where ∇ = [ ∂
∂x

∂
∂y

]T denotes the spatial gradient (we consider ∇u to be a 2K-dimensional

vector). The model (4.12) has been originally applied in a non-Bayesian context [41, 2], but
later was also incorporated into MAP estimation [42].

Equations (4.11) and (4.12) express the structural model for the underlying image u over
a continuum of spatiotemporal locations. The observed images g, however, are corrupted and
sampled versions of u. To take these effects into account assume that we first find an estimate
g̃ of u by a suitable operation (e.g., spatial interpolation) on the observed data g. Then,

g̃(x, t) = u(x, t) + e(x, t),

where e is a K-component estimation error. Exploiting equation (4.11) we can write:

g̃(x, t) − g̃(c(τ ;x, t), τ) =

e(x, t) − e(c(τ ;x, t), τ)
4
= χ(x, t, τ), ∀ x ∈ R, (4.13)

and for equation (4.12) we have

∇g̃(x, t) −∇g̃(c(τ ;x, t), τ)
4
= ς(x, t, τ), ∀ x ∈ R. (4.14)

χ(x, t, τ) and ς(x, t, τ) are noise-like K- and 2K-component terms, respectively, governed by a
probability distribution depending on the statistics of the estimation error e or its gradient. We
assume that χ(x, t, τ) and ς(x, t, τ) are independent of g̃.

Having proposed the structural model, we need to establish the functional form of the like-
lihood P (Gn = Gn|c, γ,gtn). Note that the pairwise differences of the interpolated image along
motion trajectories have the properties of a random noise. Therefore, we assume that noise
terms χ(x, t, τ) and ς(x, t, τ) depend only on the variability of g̃ along motion trajectories, and
that this variability for each trajectory is independent of variabilities along other trajectories.
Thus, we assume that the likelihood for each trajectory through (x, t) is Gibbsian:

Px(G
n = Gn|c, γ,gtn) =

1

Zgx

e−Ugx(g̃c

x
,γ)/βg , (4.15)

where g̃c
x = {g̃(c(τ ;x, t), τ) : τ ∈ It} is the set of interpolated observations along the trajectory

through (x, t) and Ugx is a Gibbs energy function. Hence, the total likelihood is a product of
distributions (4.15)

P (Gn = Gn|c, γ,gtn) =
∏

x

Px(G
n = Gn|c, γ,gtn) =

1

Zg

e−Ug(G,c,γ)/βg , (4.16)
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where
Ug(G, c, γ) =

∑

x

Ugx(g̃
c
x, γ). (4.17)

In the above formulation, we assume that for physical reasons trajectories do not intersect
(assumed indirectly by excluding transparent and reflecting surfaces). We also assume that
the trajectory c(τ ;x, t) extends throughout the whole range of It. However, if occlusions are
taken into account, only pixels that are visible should contribute to the energy Ugx(g̃

c
x, γ). The

occlusion field o is a discrete function with a finite number of states depending on the cardinality
of the set It. For each spatiotemporal position (x, t) a set Ix

t can be defined. This set, called a
visibility set, contains time instants from It at which pixel (feature) from position (x, t) is still
visible. For examples and a discussion of the visibility sets see [5].

There exists a considerable flexibility in the choice of the form of Ugx(g̃
c
x, γ), based on the

structural model. We do this by defining a one-dimensional neighborhood system on It, and
choosing appropriate cliques and clique potentials. The energy takes the form

Ugx(g̃
c
x, γ) =

∑

θg

Vg(g̃
c
x, γ, θg), (4.18)

where θg is a clique defined on a suitable neighborhood system. Since the energy function Ugx

expresses the variability of g along a trajectory, we must use at least two-element cliques in any
of our models. Note, that up to this point our discussion of the likelihood was independent of
the structural models. Thus, for the case of the structural model described by (4.11) and for
two-element cliques of the form θg = {τ1, τ2}, a possible potential function is

V ′
g (g̃

c
x, γ, θg) = ‖g̃(c(τ1;x, t), τ1) − g̃(c(τ2;x, t), τ2)‖

2 · ϑ(γ, τ1, τ2) (4.19)

where ‖ · ‖ is a suitable norm on the K-dimensional observation space and ϑ(·) is a consistency
function measuring whether matching is applicable. For example, for γ = o, ϑ should return 1
if a pixel is neither occluded nor exposed between τ1 and τ2 (normal matching), and 0 otherwise
(matching makes no sense); sufficient penalty for the introduction of an occlusion label must
discourage labeling all pixels as occluded or exposed. Similarly for γ = s, ϑ should return
1 if both pixels belong to the same object and 0 otherwise. The above potential penalizes
deviation from intensity constancy along a trajectory and is often referred to as the displaced

pixel difference (DPD). Similarly, for the other structural model (equation (4.12)), we have

V ′′
g (g̃c

x, γ, θg) = ‖∇g̃(c(τ1;x, t), τ1) −∇g̃(c(τ2;x, t), τ2)‖
2 · ϑ(γ, τ1, τ2). (4.20)

This potential, on the other hand, penalizes the departure from the constancy of intensity
(spatial) gradient. It may be referred to as the displaced gradient difference.

Note that for the norm above we can use any quadratic form χTMχ where M is a positive-
definite matrix. For most applications a diagonal matrix allowing a different relative weighting
for each component or even an identity matrix (L2 norm) is probably sufficient; both lead
to Gauss-Markov distribution. It is also possible to replace the quadratic norm by any, not
necessarily quadratic, distance measure and to establish non-stationary structural models [38].
There are many possibilities for potentials on cliques of three or more elements; for examples
see [15].

Potentials given above apply directly to the estimation of motion from two frames. One can
imagine that a suitable combination of such potentials could lead to a formulation based on
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multiple frames. For the L2 norm this has been done by using the sample intensity variance
along a motion trajectory instead [5]. For such a formulation to fall into the Gibbs-Markov
category, the equivalence between the sample variance and a Gibbs energy must be shown; a
proof is included in Appendix B. Then, for ϑ(·) = 1 and θg = {τ1, τ2}, each energy

Ugx(g̃
c
x, γ) =

∑

θg

V ′
g (g̃

c
x, γ, θg) = ρ

∑

τ∈It

‖g̃(c(τ ;x, t), τ) − ζ(x, t)‖2
L2

(4.21)

expresses the variability of intensity along motion trajectory through (x, t) with respect to the
sample mean ζ(x, t)

ζ(x, t) =
1

Card(It)

∑

τ∈It

g̃(c(τ ;x, t), τ).

ρ is a constant discussed in Appendix B and has no particular importance since a compromise
between various energy terms in U(c, γ,G) is usually achieved by weighting. The dependence of
the sample variance and sample mean expressions on the attribute field γ can be made through
the set It. In (4.21) the summation range (It) is the same for each trajectory. Later, in the
section discussing occlusion models, we will replace It with visibility sets Ix

t dependent on γ = o
that will permit summations over τ ∈ Ix

t adapted to occlusion labels. Clearly, formulation using
V ′

g is explicitly dependent on γ.

4.6 Pixel-based motion models

In natural images motion fields are usually smooth functions of spatial position x, except at
motion boundaries. This observation has lead to dense motion representations assigning a set of
motion parameters to each pixel [34, 21]. As an alternative to these early deterministic models
a Gibbs-Markov displacement model has been proposed [23]. In this contribution we use a more
general model for motion; we model trajectories cp by continuous-valued vector MRFs Cp. Since
the parameters p, rather than trajectories cp, obey the Markov property, we replace cp by p in
our derivations.

Having assumed that p and γ are MRFs, we define the a priori distribution to be Gibbsian:

P (Cp = cp, Γ = γ|gtn)
4
= P (P = p, Γ = γ|gtn) =

1

Zc

e−Up(p,γ,gtn )/βc , (4.22)

with Zc, βc being the usual constants (Appendix A), and with

Up(p, γ,gtn) =
∑

θp

Vp(p, γ,gtn , θp) + Uγ(γ,gtn). (4.23)

θp is a clique for parameter vectors p derived from neighborhood Np defined over Λc. Vp is
a potential function essential to the characterization of underlying properties of cp. Since γ
describes generic motion attributes, an energy Uγ is used for now; details will be provided for
each specific case.

The size of the neighborhood defines the order of the Markov field, i.e., the distance from
the farthest samples affecting the current sample. The larger the order, the more contextual
the bindings of the property being modeled, but at the same time the larger the computational
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complexity of the model. Cliques and potential functions are closely related; a potential function
must be defined for each type of clique (i.e., one-element, two-element). Cliques are responsible
for the geometrical relationship between sample locations, whereas potential functions define
the functional relationship between sample values.

4.6.1 Globally-smooth motion

To assure a globally-smooth trajectory field, we omit the attribute fields γ in the Gibbs distri-
bution (4.22), i.e., we set Uγ = 0. To model the spatial smoothness of trajectories cp, Vp must be
such that adjacent similar vectors p give a small value of Vp (high probability), while dissimilar
ones give a large value. For two-element cliques θp = {xi,xj}, an often used potential is

Vp(p, γ,gtn , θp) = (pi − pj)
TZ(gtn)(pi − pj) · κ(γ, θp), (4.24)

where Z(gtn) is a positive-definite weight matrix depending on the observations and κ(γ, θp) is
a function that expresses dependence on the motion attributes γ. Clearly, for globally-smooth
motion κ(γ, θp)=1. This potential captures smoothness of the random field Cp since for pi = pj,
Vp = 0. Experience has shown that first- and second-order neighborhoods Np are sufficient for
quite accurate modeling of trajectories cp.

The dependence of probability (4.22) on the observations is expressed in (4.24) through the
weight matrix Z(gtn). This matrix permits different weighting of horizontal and vertical as well
as of lower- and higher-order components of p. If Z(gtn) is the identity matrix, the Euclidean
norm results. In general, Z(gtn) does not have to be diagonal, and may include off-diagonal
entries, thus causing cross-terms to appear in the potential function. Also, it may depend on
the observations gtn to allow suitable adaptation of motion properties to a local image structure.
This kind of adaptive smoothness constraint for the case of linear trajectories (4.1) has been
proposed in [33].

The above Gibbs-Markov model has been extensively studied for linear trajectories: with
the likelihood P (Gn = Gn|p,gtn) based on potential (4.19) [26] as well as based on potential
(4.20) [42]. A quite different likelihood and a similar prior term have been proposed in [19].
The globally-smooth model has been also studied in the case of quadratic trajectories [5], but
likelihood based on the multiple-frame energy (4.21) was used.

(a) (b)

Figure 4.2: Original frames (a) #168 and (b) #171 from QCIF sequence “Carphone”.
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Although this contribution is mainly theoretical, we are presenting some experimental results
in order to illustrate the possible impact of presented models on the final estimate. Fig. 4.2 shows
two original frames from a QCIF sequence often used in testing compression algorithms for very
low bit rates. Fig. 4.3(a) shows a globally-smooth deterministic MAP estimate obtained for
the DPD model (4.19) with ϑ(·) = 1 and motion model (4.24) with κ(·) = 1 [25] (identity
matrix used for Z(gtn)). Note that the motion field is very smooth and many motion vectors
are underestimated, e.g., in the car window.

4.6.2 Piecewise-smooth motion

Although quite successful for some types of images, globally-smooth motion models are inap-
propriate in general; smoothness is enforced uniformly across the whole field. By introducing
additional motion attributes γ, some of the problems associated with the global smoothness can
be corrected.

Motion discontinuity models

A logical solution to oversmoothing is to prevent the smoothing at boundaries of moving ob-
jects. This can be done by selecting motion discontinuity field as the motion attribute; γ = l.
Consequently, we modify the potential Vp (4.24) by redefining the function κ(·) as follows

κ(l, θp) = 1 − l(xi,xj, t), θp = {xi,xj}, (4.25)

where {xi,xj} denotes a site of line element; xi and xj are first-order neighbors. The above
choice for κ prevents smoothing when a motion discontinuity exists between sites xi and xj (i.e.,
l(xi,xj, t) = 1).

Since all motion discontinuities set to 1 would have brought the first term in (4.23) to zero,
a penalty must be associated with the introduction of a motion discontinuity. This is achieved
by associating the energy Uγ with a penalty:

Uγ(γ,gtn) =
∑

θl

Vl(l,gtn , θl), (4.26)

where θl is a clique of line elements defined over a union of two orthorhombic cosets [26]. The
potential function Vl is set to a modest value for single-element cliques when l(xi,xj, t) = 1;
introduction of a discontinuity is penalized. At the same time, it is important to note that a
3-D scene giving rise to a motion discontinuity also contributes to an intensity edge; cases when
the two do not coincide are quite rare. To enforce such a coincidence, we set the same potential
for single-element cliques to a high value whenever a motion discontinuity does not match an
intensity edge. This can be done in two ways. We can detect intensity edges first, and then set
the potential to a large value whenever motion discontinuity is attempted at locations where
no intensity edge is present [22, 19]. The other approach is to make the potential inversely
proportional to a norm of the local image gradient [24].

In order to model continuity of motion boundaries, a sufficiently large neighborhood system
Nl should be used. Example of such a neighborhood system can be found in [26]; cross-shaped
cliques discourage creation of segments that intersect or do not have a continuation, while
square-shaped cliques discourage formation of double lines and also inhibit generation of isolated
trajectories.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.3: Motion estimates for the sequence from Fig. 4.2 shown as vector fields (magnified by 2
and subsampled by 4) for the following models: (a) globally-smooth pixel-based; (b,d) piecewise-
smooth pixel-based; (c) block-based and (e,f) region-based. Details for each algorithm are given
in the respective sections.
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Fig. 4.3(b) shows a piecewise-smooth deterministic MAP estimate computed from the DPD
model (4.19) with ϑ(·) = 1, motion model (4.24) with κ(·) from (4.25) and line potential functions
Vl similar to those in [26]. Fig. 4.3(d) shows the associated line field. Note the motion field
discontinuities at the face and car window boundaries4. However, since the line process does
not model complete object boundaries, the improvement is local only; a better approach is to
use a more stable boundary description such as a segmentation into regions.

Occlusion models

Occlusions play a very important role in the formation of images, and consequently in the process
of estimating motion. We model occlusions by the MRF field O defined on Λc. The size of the
state space for each occlusion label depends on Card(It); typically 3 or 5 states are used. Since
the piecewise-smooth motion model has proven advantageous over the globally-smooth model,
we also use the discontinuity field l. Consequently γ = (o, l) and the energy Uγ can be defined
as follows

Uγ(γ,gtn) =
∑

θo

Vo(o, l,gtn , θo) +
∑

θl

Vl(l,gtn , θl).

θo is an occlusion clique derived from neighborhood No defined over Λc, whereas the second term
is the same as in (4.26).

Usually, low-order neighborhood systems with one - and two-element cliques are selected.
The potential function Vo provides a penalty associated with an occlusion; otherwise energy
(4.21) could be reduced freely by a suitable choice of an occlusion state. It can be expected that
a typical occlusion field consists mostly of patches of pixels labeled as visible, and some smaller
clusters of pixels labeled as exposed or covered. To penalize the introduction of a label, in
addition to two-element horizontal and vertical cliques, single-element cliques are used as well.
To ensure that occlusion states get clustered, Vo = 0 (high probability) for adjacent identical
labels, and a high value of Vo (low probability) for different labels are required. The boundaries
between different patches are expected to be occlusion boundaries that should coincide with
motion discontinuities. Thus, the dependence of Vo on discontinuity field l should be exploited.
Then, Vo should be set to 0 whenever two different occlusion states are separated by a motion
discontinuity. Finally, discontinuities in areas of identical occlusion labels can be discouraged
by assigning a high value to Vo whenever a discontinuity separates two identical labels.

Due to occlusions individual trajectories may start and end at different time instants. In
consequence, we need to modify the likelihood distribution; only intensities of pixels that are
visible should be matched. Therefore, we use the energy (4.21) with the sets It replaced by
the visibility sets Ix

t . Since the visibility set Ix
t is implicitly dependent on the occlusion state

o(x, t), in the general case Ugx is a function of γ = o.
In the simple case of estimation from 3 frames (at t−, t and t+), the direct Gibbs formulation

(see the discussion of energy (4.21)) is straightforward; a good choice for Ugx is

Ugx(g̃
c
x, γ) = V ′

g (g̃
c
x, γ, t−, t) + V ′

g (g̃
c
x, γ, t, t+).

If E means that a pixel has been exposed between t− and t, and C means that a pixel has been
covered between t and t+, then the consistency function ϑ(·) for V ′

g (4.19) should be selected in
such a way that ϑ(E , t−, t)=0, ϑ(C, t, t+)=0, and otherwise equal to 1.

4Due to spatial subsampling by 4 to avoid vector overlapping, the motion discontinuities in Fig. 4.3(b) are
partially masked; without subsampling they would have been very clear.
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Segmentation models

Although the model based on motion discontinuities improves the quality of estimated motion
fields when compared with the globally-smooth model, the improvement is rather local and often
inconsistent. This is due to the fact that the modeled discontinuities are not closed and, in fact,
very partitioned. A better solution to this problem is to model complete boundaries of moving
objects; the contours are closed and usually simple, as are boundaries of real objects. Clearly,
segmenting a motion field into disjoint objects explicitly accounts for motion discontinuities.
Moreover, segmentation provides richer information and may lead to higher level tasks, such
as recognition of objects. It also facilitates modeling object-specific properties such as average
motion, flexibility of objects, or statistical characteristics of the prediction error [38].

If the segmentation is known, smoothness constraint can be applied to motion parameters
within each segment and suspended across segment boundaries. Ideally, the segmentation should
group in one segment all pixels arising from objects undergoing one motion. The segmentation
can be represented by a generic label field s ∈ IN on Λc. The segmentation partitions the
lattice Λc into N disjoint subsets Λ1, Λ2, . . . , ΛN , with (x, t) ∈ Λs(x,t); for example Λs(x,t) = Λ1

for s(x, t) = 1. These subsets form arbitrarily-shaped regions whose union is Λc. Since the
smoothness constraint is to be suspended across segment boundaries, the potential Vp from
(4.24) needs to be redefined by selecting a new function κ(·)

κ(s, θp) = δ(s(xi, t) − s(xj, t)), θp = {xi,xj}. (4.27)

Considering that motion trajectory c describes the dynamics of one physical point on the image
plane, its label s is expected to be constant along c. At the same time, it is natural to expect
spatially compact boundaries in the segmentation field. This can be formulated through a
potential function by assigning a cost to any two-element clique that includes sites with different
labels. Such two-element cliques may extend in the spatial direction or in the temporal direction
along motion trajectories [37, 6]. By incorporating occlusions as well, we have γ = (o, s) and we
can define the energy Uγ as follows:

Uγ(γ,gtn) =
∑

θo

Vo(o, s,gtn , θo) +
∑

θs

Vs(s,gtn , θs) +
∑

x

∑

θt

Vt(s,gtn , θt,x),

with potential functions

Vs(s,gtn , θs) = λs(xi,xj)[1 − δ(s(xi, t) − s(xj, t))], θs = {xi,xj}

Vt(s,gtn , θt,x) = λt(x, t, τ)[1 − δ(s(x, t) − s̃(c(τ ;x, t), τ))], θt = {t, τ}.

s̃ denotes a spatially-interpolated version of the segmentation s. The potential Vo(o, s,gtn , θo)
is the same as defined in the previous section, except for the line process which is replaced by
the segmentation. The weight λs(·) determines directional preferences of typical realizations of
the segmentation. For orthorhombic lattices directional preferences are reduced to a minimum
for λs(xi,xj) = α/‖xi − xj‖, where α is a constant and ‖ · ‖ denotes Euclidean norm. λt may
be assigned a large value thus inhibiting the change of label along a motion trajectory. The
above energy function assures good results already for low-order neighborhood systems in spatial
direction (first- or second-order).

The weight λs may be made dependent on the observations gtn . This would allow to assign
higher cost to locations where intensity gradient is low, and therefore make a moving object
boundary unlikely if not accompanied by a substantial gradient in the observation.
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4.7 Block-based motion models

As pointed out in the introduction, various regions of support for the motion model may be
used. In the case of pixel-based models, the amount of motion data is very large (at least 2
parameters per pixel). This is a stumbling block in video compression when motion needs to be
transmitted in order to eliminate temporal redundancy. A compromise accepted in this case is
to assign the same displacement vector (linear trajectory model) to a group of adjacent pixels,
in particular to a rectangular block. Although not as precise in representing motion as the pixel-
based trajectory model, block-based linear model proved very successful due to a remarkable
reduction of motion information to transmit. The estimation method for such a model, called
block matching, has become ubiquitous in all standard video encoders today.

The basic difference between pixel- and block-based models lies in the region of support.
If we partition image gt into rectangular disjoint blocks B(x, t) where x is the block’s center,
then these centers form a new lattice Λ∗

c , which can be treated in the same way as Λc in the
pixel-based case; each site has a vector p of motion parameters assigned.

One possible extension of the basic block-based model would be to allow non-constant veloc-
ity in time. For example, the quadratic trajectory model (4.2) could be used. Then, c(τ ;x0, t)
would describe motion of the block B(x0, t). As mentioned before, an implicit acceleration is
allowed in the “B”-frame mode of MPEG.

A popular model to describe 2-D motion of a group of pixels is the affine model derived from
3-D planar rigid surface under parallel projection:

dp(x) =

[
p1

p2

]
+

[
p3 p5

p4 p6

]
(x − x0), x ∈ B(x0, t) (4.28)

where x0 is a reference point, often the center of gravity of a region, and p = [p1, ..., p6]
T . Models

with a higher number of parameters have also been proposed [43, 13, 39].
Another interesting extension would be to combine the quadratic trajectory model (4.2) with

the affine model (4.28) and thus allow a spatial variation of velocity and/or acceleration within
a block. A possible trajectory model is

c(τ ;x, t) = x +

([
p1

p2

]
+

[
p3 p5

p4 p6

]
(x − x0)

)
(τ − t) (4.29)

+

([
p7

p8

]
+

[
p9 p11

p10 p12

]
(x − x0)

)
(τ − t)2, x ∈ B(x0, t)

where p = [p1, . . . , p12]
T . Although seemingly complicated, such a model could prove interesting

for coding/processing over multiple frames but care would have to be taken of occlusions that
start to play critical role in multiple-frame processing [5].

If blocks B are sufficiently small compared to the size of moving objects, then adjacent
blocks should have similar motion parameters p unless separated by an object boundary. This
suggests using a similar globally-smooth motion model as exploited for the pixel case. Note that
expressions for the posterior distribution and for MAP estimation similar to those presented in
Section 4.6 can be now written for the new lattice Λ∗

c .
A MAP estimation for affine block-based motion (no acceleration) has been proposed in [1]

via the following maximization

max
p

P (Gtn+1
= gtn+1

|p,gtn)P (P = p|gtn).
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Modeling the likelihood by a Gaussian and the prior by a Gibbs distribution, the equivalent
minimization can be written as

min
p

∑

i

∑

x∈B(yi,t)

V ′
g (g̃

c
x, tn, tn+1) + λ

∑

θB={k,l}

‖pk − pk
l ‖

2 + ‖pl − pl
k‖

2, (4.30)

where θB is a two-element block clique defined over Λ∗
c and pk

l denotes parameter vector for
block l expressed with respect to the reference point of block k, e.g., the center of gravity
of block k. The first term above assures matching of a block via affine parameters, whereas
the second provides the smoothness between adjacent blocks. The smoothness term is slightly
different from (4.24) because we seek smoothness of the motion field dp but our formulation is
with respect to the parameter field p. In order to compare motion parameters of neighboring
blocks in a meaningful way, they need to be expressed with respect to a common point, e.g.,
center of gravity of one of the blocks. The two smoothness terms above assure symmetrical
comparison, although for floating-point computations one term should suffice. Clearly, in the
case of translational motion (only p1, p2 6= 0) the two smoothness terms in (4.30) simplify to
‖pk − pl‖

2.
With the above formulation the annoying motion discontinuities at block boundaries can be

largely suppressed, and consequently the resulting prediction error can be made more uniform
(less block structure). This appealing property comes at a substantial increase of computational
complexity, and therefore did not find way into today’s compression standards.

Fig. 4.3(c) shows a block-based estimate obtained from minimization (4.30) for the case of
linear trajectories (only p1, p2 6= 0 in (4.29)). Note that despite the applied smoothing, blocks
are still quite visible. This visibility could have been reduced by increasing λ, however at the
cost of increased prediction error (important for coding).

4.8 Region-based motion models

Although the block support for motion model dramatically reduces the amount of motion infor-
mation to be transmitted (as compared to the pixel support), it suffers from a major shortcom-
ing. In the case of video coding, when the available bit rate is relatively small, blocks become
clearly visible in the compressed images; the lower the rate, the more visible the blocks. The
inter-block smoothness constraint discussed in the previous section rectifies the problem slightly,
however for very low rates the problem persists. A natural extension, although at the cost of
increased computational complexity, is motion representation based on arbitrarily-shaped re-
gions. In such a representation a vector of motion parameters p is assigned to a group of pixels
(region) undergoing similar motion (usually a projection of a single 3-D object). The benefit,
somewhat offsetting the high computational complexity, is the potential for the so-called “coding
for content” where objects could be separately encoded, extracted, manipulated; in the receiver
to reconstruct one object, only a sub-stream would need to be extracted and decoded.

Recall from Section 4.6 that the partition {Λ1, Λ2, ..., ΛN} and segmentation s(x, t) are two
complementary ways of describing a division of image sequence into disjoint sets. Clearly, they
can be uniquely computed from each other: s(x, t) = n if and only if x ∈ Λn.

From this point on we are going to work at the level of regions, i.e., given a partition
{Λ1, Λ2, ..., ΛN} we define an irregular grid using the centers of gravity of each Λn; notions of
adjacency and neighborhood are clear.



Konrad: On Gibbs-Markov Models for Motion Computation 19

The pivoting point of our approach is the observation that motion boundaries most often
coincide with intensity boundaries. A subset of the boundaries from a good intensity-driven
segmentation should closely approximate most of the motion boundaries and therefore could
be used as an initial segmentation. In order not to miss motion boundaries during subsequent
stages, the initial intensity-based partition should be oversegmented. By subsequent merging,
redundant boundaries may be eliminated. Therefore, the main idea of this approach is to first
compute an oversegmented approximation to motion boundaries and then iteratively estimate
p and s.

In order to estimate p a compromise between the displaced region difference (DRD) and the
similarity of motion parameters among adjacent regions must be struck. Assuming the spatially-
affine model5 (4.28) and the knowledge of images gt

−

and gt, this may be done via the following
minimization:

min
p

N∑

n=1


 ∑

x∈Λn

V ′
g (g̃

d
x, s, t−, t) +

∑

θp={n,m}

Vsim(pn,pm, θp, N)




where V ′
g is defined in (4.19) and Vsim is a potential penalizing dissimilarity of motion parameters

p between neighboring regions. This is similar to smoothing in the block-based approach and
makes sense only when far too many regions are present. In such a case the goal of smoothing is
to facilitate subsequent merging of regions with similar motion. Clearly, the smoothing should
be gradually disabled as the number of regions gets smaller. This can be achieved by making
Vsim dependent on N to encourage similar motion of neighboring regions at the beginning of
estimation (N large), and to discourage such similarity when N is close to optimal.

On the other hand, to estimate s a balance must be achieved between the DRD, the com-
plexity of region boundaries and the number of regions N , for example via

min
{s,N}

N∑

n=1


 ∑

x∈Λn

V ′
g (g̃

d
x, s, t−, t) +

∑

θp={n,m}

Vs(Λn, Λm, θp)


 + λN,

where Vs(Λn, Λm, θp) is a potential function penalizing complex boundary between regions n
and m. The above minimization is not easy since pixel-by-pixel update of region boundaries is
usually ineffective. A different strategy, for example moving the whole boundary between two
regions by 1 pixel, may prove more effective. Note that we put N explicitly as the argument of
the minimization to stress that both the boundary complexity and the number of regions have
to be minimized. The reduction of N may be done through the pairwise merging of regions, i.e.,
comparison of the total cost before and after the merge.

We have carried out some preliminary investigations using the above models [10]. Figs. 4.3(e)
and 4.3(f) show the motion and segmentation estimates for affine model (4.28) using both min-
imizations above except that inter-region smoothing was disabled (Vsim=0). Note the improved
motion estimate in the car window compared to pixel- and block-based estimates. Also, the
prediction error energy is significantly lower for the region-based motion estimate [10]. From
the coding point of view, however, the gain is not obvious since the rate needed for motion
attributes (p and s) in the case of region-based approach is higher than that needed to transmit
block displacements. Clearly, to minimize the overall rate, a judicious allocation of rate between

5Similar formulation could have been proposed for the temporally-quadratic spatially-affine motion model
(4.29), but for simplicity of notation we discuss only the temporally-linear spatially-affine model (4.28).
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different components (texture, motion, shape) must be carried out. This is a very active area
of research today.

4.9 Summary

In this chapter we have presented Gibbs-Markov models for 2-D motion in the context of their
application to video coding and processing. We have studied a trajectory model incorporat-
ing acceleration at pixel, block and region level. We have proposed a new motion model by
permitting spatial variation of velocity and acceleration parameters via the affine model.

Although the MAP criterion seems to be the preferred choice for most of the statistically-
based motion estimation algorithms, we have discussed at length the more general Bayesian
criterion, including the merits of various loss functions. Consequently, we have developed the
two components of the a posteriori distribution: the likelihood and the prior. First, we discussed
various structural models leading to different likelihood functions, and then we described differ-
ent prior models for motion. We have discussed in detail two types of pixel-based models: the
globally smooth model and the piecewise-smooth model. In the latter model, motion disconti-
nuities, occlusion tags and segmentation labels were exploited to prevent smoothing at moving
boundaries. We have reviewed block-based models and we have suggested an extension to the
affine motion model by incorporating the acceleration component. Finally, we have sketched a
possible Gibbs-Markov model for region-based motion representation.

Many aspects of the models presented remain to be investigated, and the relative importance
of many of its features must be established. We believe that the presented models are a useful
framework for further research in advanced motion estimation algorithms.

Appendix A

Multidimensional Markov random fields have been introduced in the late 60’s independently
of Gibbs distributions that had been applied to the modeling of large systems of interacting
particles before. The best known Gibbs distribution is probably the Ising model describing
ferromagnetism. In the 70’s, the important Hammersley-Clifford theorem was established stating
equivalence between Gibbs distributions and Markov random fields. The founders provided only
a preprint of the theorem; an early account of the theorem can be found in [3]. More details on
Markov random fields and Gibbs distributions can be found in [36, 16, 12].

Let the sampling structure Ω = {x1,x2, . . . ,xM} be a collection of sites in RN . A collection
N of neighborhoods η(·) of all sites in Ω

N = {η(xi) : xi ∈ Ω, η(xi) ⊂ Ω,∀ xi}

is a neighborhood system on Ω, if and only if both of the following conditions are satisfied:

1. all neighborhoods are self-excluding: xi 6∈ η(xi),
2. the system is symmetric: if xj ∈ η(xi), then xi ∈ η(xj) for any xi,xj ∈ Ω.

Neighborhood systems on lattices with shift-invariant neighborhoods (up to some suitable bound-
ary conditions) are called homogeneous. Examples of low-order neighborhood systems for or-
thogonal and non-orthogonal sampling structures Ω over R2 can be found in [16].
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A random field over Ω is a multidimensional stochastic process where each site in xi ∈ Ω is
assigned a random variable Υi. A vector random field has a random vector (ensemble of random
variables) assigned at each site in Ω.

A Markov random field Υ with state space S is a random field with the following properties:

1. P (Υ = υ) > 0, ∀ υ ∈ S,
2. P (Υi = υi|Υj = υj,∀j 6= i) = P (Υi = υi|Υj = υj,∀xj ∈ η(xi)), ∀ i,∀υ ∈ S,

where P denotes a probability measure. For a discrete S, P is a probability for a given state,
while for a continuous S, P is replaced by the cumulative distribution FΥ. If FΥ is differentiable,
the above property applies directly with the densities p replacing the probabilities P .

The univariate conditional distributions in the definition above are often referred to as local

characteristics of the Markov random field. They completely specify the joint distribution (global
characteristic) of the random field [3]

P (Υ = υ)

P (Υ = υ∗)
=

M∏

i=1

P (Υi = υi|Υj = υj,∀j < i, Υk = υ∗
k,∀k > i)

P (Υi = υ∗
i |Υj = υj,∀j < i, Υk = υ∗

k,∀k > i)
; υ, υ∗ ∈ S.

Clearly, the global characteristic resulting from the local characteristics must be the same for
any ordering of Ω. This imposes a consistency condition on the local characteristics which is
difficult to validate in practice. For this reason, the modeling of a Markov random field by
means of the local characteristics is not practical.

The latter difficulty does not occur with Gibbs distributions. In order to define the Gibbs
distribution the concepts of clique and potential function are needed. A clique θ defined over Ω
with respect to N is a subset of Ω such that either θ consists of a single site or every pair of
sites in θ are neighbors, i.e., xi ∈ η(xj) ∀xi,xj ∈ θ, i 6= j. The set of all cliques is denoted by
Θ.

Let υ be a sample field from random field Υ defined over Ω and over state space S. A Gibbs

distribution with respect to Ω and N is a probability measure π on S such that

π(υ) =
1

Z
e−U(υ)/β,

where β, Z are constants, and the energy function U is of the form

U(υ) =
∑

θ∈Θ

V (υ, θ).

V (υ, θ) is called a potential function, and depends only on those samples from υ which belong
to the clique θ. The real constant Z is called a partition function and normalizes the surface
under π to 1. The only condition for π to be a valid probability measure is that the partition
function be finite. Thus, the consistency problems that are nearly impossible to overcome in
Markov random fields do not occur when Gibbs random fields are used. β is a parameter called
natural temperature.

The equivalence, between Markov random fields and Gibbs distributions is provided through
the important Hammersley-Clifford theorem [36, 3] which states that Υ is a MRF on Ω with
respect to N if and only if its probability distribution is a Gibbs distribution with respect
to Ω and N . This bijective characterization of a MRF by a Gibbs distribution results in a
straightforward relationship between qualitative properties of a MRF and its parameters via
the potential functions V . Extension of the Hammersley-Clifford theorem to vector MRFs is
straightforward (only a new definition of a state has to be provided).
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Appendix B

In this appendix we demonstrate that for vector observations and for the L2 norm, the sample
variance formulation is equivalent to a Gibbs energy; this equivalence is used in equation (4.21).

To simplify the notation let y1,y2, ...,yL be the vector observations and let L = Card(It).
We consider the sample variance (4.21) for the case of the L2 norm. By multiplying individual
terms and renaming indices we can write:

L∑

i=1

‖yi −
1

L

L∑

j=1

yj‖
2 =

L∑

i=1

(yi −
1

L

L∑

j=1

yj)
T (yi −

1

L

L∑

j=1

yj)

=
L∑

i=1

yT
i yi +

1

L
(

L∑

j=1

yj)
T (

L∑

j=1

yj) −
2

L
(

L∑

i=1

yi)
T (

L∑

j=1

yj)

=
L∑

i=1

yT
i yi −

1

L
(

L∑

i=1

yi)
T (

L∑

j=1

yj).

Rewriting the first term on the right-hand side we arrive at:

L∑

i=1

‖yi −
1

L

L∑

j=1

yj‖
2 =

1

2L

L∑

j=1

L∑

i=1

yT
i yi +

1

2L

L∑

j=1

L∑

i=1

yT
j yj −

1

L
(

L∑

i=1

yi)
T (

L∑

j=1

yj)

=
1

2L

L∑

i=1

L∑

j=1

(yi − yj)
T (yi − yj).

Since the terms with i = j do not contribute to the summation and since the double summation
involves every clique {i, j} twice, the factor 1

2
vanishes and we have:

L∑

i=1

‖yi −
1

L

L∑

j=1

yj‖
2 =

1

L

∑

{i,j}

‖yi − yj‖
2.

The immediate consequence of this proof is that in a Gibbsian formulation, such as in (4.21),
Gibbs energy may be replaced by the sample variance (ρ = L) which for multiple frames (high
Card(It)) is more intuitive.
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