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Occlusion-Avare Optical Flow Estimation

Serdarince and JanuszZKonrad, Fellow, IEEE

Abstract— Optical o w canbereliably estimatedbetweenareas
visible in two images,but not in occlusionareas.If optical ow
is neededin the whole image domain, one approach is to use
additional views of the samescenellf suchviewsare unavailable,
an often-usedalternativeis to extrapolate optical o w in occlusion
areas.Sincethe location of such areasis usually unknown prior
to optical ow estimation, this is usually performed in three
steps. First, occlusion-ignorant optical ow is estimated, then
occlusion areas are identi ed using the estimated (unreliable)
optical ow, and, nally, the optical ow is corrected using the
computed occlusion areas. This approach, however, does not
permit interaction betweenoptical ow and occlusion estimates.
In this paper, we permit such interaction by proposing a varia-
tional formulation that jointly computesoptical o w, implicitly
detectsocclusionsand extrapolatesoptical o w in occlusionareas.
The extrapolation mechanismis basedon anisotropic diffusion
and usesthe underlying image gradient to presewe structure,
such as optical o w discontinuities. Our results showv signi cant
improvements in the computed optical ow elds over other
approaches,both qualitati vely and quantitati vely.

Index Terms— Optical o w, disparity estimation, motion esti-
mation, occlusions,anisotropic diffusion.

I. INTRODUCTION

Optical ow algorithms[1], [2], [3], [4], [5], [6] areamong
the best methodsfor the estimationof disparity in stereo
imagesand motion in video sequencesHowever, occlusion
areas(Fig. 1.a), resultingfrom scenestructureand/or object
motion, posesigni cant challengesin this paper by the term
“occlusion area” we refer to an areain one image (areaA
in image |, Fig. 1.a) that disappearsin the other image
(Ir). Notethata disappearingreabecomesn appearingarea
(alsoknown as“uncoveredarea”)if the directionof arrows is
reversed Whenconsideringmotion, the directionof arrows is
relatedto time (forward versusbackward), while in stereait is
relatedto the orderof views (left-to-right versusright-to-left).
Although the work presentechereis genericand appliesto
both stereoand motion, our speci c examplesare in stereo
andthuswe will alsoreferto optical o w asdisparity

It is importantto note that for ary pair of imagesoptical
ow is unde ned in an occlusionareasince, by de nition,
a correspondingarea cannot be found in the other image
(in Fig. 1.a points in A have no matchin Ig). However,
in certainapplicationsit is desirableto identify optical ow
everywhee in animage.For example whenrenderinga virtual
view, depth (disparity) needsto be known for all pixels to
be rendered(Fig. 1.b), while in video frame-ratecorversion
motion of all pixelsis neededSolutionsto this problemhave
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Fig. 1. lllustration of occlusioneffectson a horizontalcross-sectiorof two
imagesdepictingpositionchangeof a simple object(black): (a) areaA from
I is beingoccludedin 1 g by the object,while areaB is beinguncovered;
and (b) intermediateémageJ thatcanbe reconstructedf areasO_ andOg
areidenti ed andpropercorrespondencwith eitherl| or I is established.

(b)

been proposedusing additional images|[7], [8], [9]. In one
interesting approach,a data-matchingterm in optical ow
formulationis adaptvely disabledin orderto selectthe best
prediction amongseveral images[9]. We will use a similar
disabling strat@y in the approachproposedhere. From now
on, however, we are concernedvith the estimationof optical
ow from two imagesonly.

Most optical- ow estimationerrorsarisein occlusionareas
due to forced, but unreliable, intensity matching, and are
further aggraratedby smoothingof optical o w acrossobject
boundaries(adjacentto occlusion area). Without explicitly
detectingocclusionsmethodshave beenproposedo dealwith
oversmoothing,such as image-adaptie, isotropic diffusion
[12], anisotropicdiffusion (imageor o w-adaptve) [13], [14],
[5], [11], [15], and isotropic diffusion with non-quadratic
regularizers[4], [6]. These methodslead to discontinuity-
preservingvector elds, but do not accountfor occlusions.
A steptowardsaccountingfor occlusionswastaken by jointly
estimating forward and backward optical- ow elds under
ow- eld regularization[16], [17]. In one casethe resulting
ow diffusion was isotropic but adaptedto the difference
betweenforward and backward optical- ow estimates(large
differenceindicating occlusions)[16], while in the othercase
the diffusion was anisotropicand basedon underlyingimage
gradientg[17].

The above methodslead to discontinuity-preservingector
elds, but still produceerroneousresults at object bound-
aries since incorrect intensity matchesare allowed despite
occlusionsOneremedyis to extrapolate(inpaint), ratherthan
estimate,optical ow in occlusionareas[10], [11]. Ideally,
one would rst identify occlusion areasand then compute
optical o w accountingfor theseareasHowever, it is unclear
howv to nd occlusionareaswithout rst computingoptical
ow. Hence,in practice, occlusion-unevare optical ow is
computedrst, resultingin incorrectvectorsin occlusionareas
(a match is forced despitelack of correspondence)Then,
occlusionareasareidenti ed, and, nally, the optical ow is
correctedhere[11]. Thisthree-ste@mpproachs de cient since



incorrectvectorsfrom occlusionareasaffect their neighborsn
visible areagdueto spatialregularizationtypically used.More-
over, this approachdoesnot bootstrapoptical o w estimates
to improve occlusiondetectionresults.

More recently methodshave been proposedthat jointly
estimatedisparity and occlusions.One suchmethodis based
on a visibility constraintbut treatsthe disparity correction
in occlusionareasas a post-processingtep[10]. Moreover,
this correctve step assumesthat depth in occlusion areas
and surroundingpixels is constantalong epipolar lines. Al-
though often valid, this assumptionfails for image back-
groundswith varying depth.Anothermethodjointly estimates
bidirectionally-consistent(forward/backvard) motion elds
andocclusionlabelsusingMarkov random elds in aBayesian
framework [18]. However, the occlusiondetectionmechanism
relies on an intensity ratherthan ow- eld, mismatch,and
no vector correctionis performedin occlusionareas.Graph
cut methods[19], [20] have beenusedin disparity/motion
estimationunderocclusionsaswell. Thesemethodsexplicitly
de ne an occlusion term in the formulation, howvever the
intensitymatchingandocclusiontermsusuallydo not interact,
i.e., disableeachother unlike in the approachproposechere.

A joint approachsomevhat similar to the one proposed
herewasrecentlydevelopedby Xiao et al. [21]. Althoughnot
formulatedthrougha single costfunction underoptimization,
the approachis implementedn aloop and canbe considered
a joint approach.However, the method emplgys a bilateral

Iter andlocally adjusts Iter strengthby using precomputed
occlusionlabelsin eachiteration,whereaswve useanisotropic
diffusion and let the joint formulation drive the diffusion
processby using “soft” occlusion information (no explicit
occlusion labeling step). Moreover, the occlusion detection
relies on intensity mismatch,that is unreliableunderimage
noiseandillumination changeg22], while we usean optical-
0w mismatch.

In this paper we deal with the de ciencies of prior ap-
proachesby proposinga variational formulation that jointly
estimatesoptical- ow vectors, implicitly detectsocclusions
and extrapolatesoptical ow in occlusionareas.The evolv-
ing occlusionsforce vector extrapolation (via diffusion) by
automaticallydisablingintensity matchingat occludedpixels,
but permit standardestimationat visible pixels. By using
anisotropic diffusion driven by underlying image gradient,
the interactionbetweenocclusion-areand somevisible-area
optical- ow vectorsis inhibited. At the sametime, this joint
formulation solved iteratively facilitatesinteraction between
optical- ow vectors and occlusion labels, thus leading to
more coherentsolutions.Evaluationof the proposedapproach
on syntheticand real imagesdemonstratests efcacy, both
qualitatvely and quantitatvely.

The paperis organizedasfollows. In Sectionll, we describe
image-dnven anisotropicoptical- ow diffusion.In Sectionlll,
we describeour joint formulation, and in Section IV we
presentexperimentalresults.

IEEE TRANSACTIONS ON IMAGE PROCESSING,VOL. 17, NO. 8, AUGUST 2008

[I. OPTICAL FLOW EXTRAPOLATION Via IMAGE-DRIVEN
ANISOTROPIC DIFFUSION

Considerrenderingintermediateview J basedon views | |
andlr (Fig. 1.b).In a simple scenariodisparity betweenl
and Ig would be computed rst, and then intensitiesof |
andlr would be disparity-compensatednto J to createthe
intermediateview. However, sinceareaA undegoesocclusion
in g, disparity cannotbe computedhere,which makes ren-
dering the correspondingareaO, (visible in 1) impossible.
Similarly, disparity remainsunde ned in the uncovered area
B andthus Or (visible in Ir) cannotbe reconstructedin
orderto reconstrucO_ andOg, a propercorrespondenceith
I andlgr, respectiely, needsto be established/ia disparity
Also, asrecentlysuggestednotion-base@bjectsegmentation
could beimproved hadvectorsbeenknown in occlusionareas
[23].

An analogougproblemwassolved for imagesby Bertalmio
et al. [24]. They proposedan algorithmto Il in, or inpaint,
missing areasin an image using surroundingintensitiesand
their gradients.Their approachconsistsof two steps: rst,
extending available gradientsinto a missing area, and then
applying anisotropicdiffusion to propagte the available in-
tensitiesinto this area.The imagegradientsare extended rst
so that the subsequengnisotropicdiffusion preseres them
(e.g., intensity/colordiscontinuities).In the caseof disparity
inpainting,imageintensitiesareknown in occlusionareasand
thus the rst stepis not neededunderthe assumptionthat
image and disparity discontinuitiescoincide. Therefore,we
proposeto extrapolatedisparitiesusing anisotropicdiffusion
driven by imagegradient.

Let x = (x;y)7 2 be a spatial position in image |
dened on . Also, let fd(x)gx2 be a disparity eld to
be computed;d = [u;Vv]" with u andv being, respectiely,
horizontaland vertical component®of the disparity vectord.
Finally, let O beanocclusionareain imagel . In orderto
inpaintdisparitiesd, we exploit the underlyingimagestructure
by carrying outzthze following minimization:

min
uv

(Fx (u; 1) + Fx (v;1))dx; )
(e}

whereFy is de ned asfollows:

) 0 .
0 giirpap U@

g( ) is a monotonically-decreasinéunction, and | *, 1Y are
horizontaland vertical derivatives of |, respectiely.

The abore minimization leads to anisotropic diffusion;
disparitiesin occlusion areasare diffused while accounting
for the underlyingimagegradient. Assumingthatthe gradient
magnitudewithin an object is small, an iterative algorithm
implementing (1) will diffuse disparitiesinside each object
only. The edge-stoppingunction g( ) will prevent diffusion
acrossobject boundariesbecausegradientis usually large
there.The costfunction(2) is very similar to the oneproposed
by Peronaand Malik [25]. However, while in Peronaand
Malik's caseimageintensity undegoessmoothingand at the
sametime drives the edge-stoppindgunction g( ) to control
anisotroy duringdiffusion,in our casehorizontalandvertical

Fx(ul) =1 Tu(x) o(it
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occlusiondetectionand optical- ow extrapolationin a single
formulation.

Letl, : . ! R*,Ir: r ! R*, andlet x belong
eitherto | or r. We would like to computetwo disparity
elds: fd (x) = [uL(x);ve(x)]"gx2 , and fdg(x) =
[ur(X); VR (X)]"ox2 4 that,for pixelsvisible in bothimages,
minimize somemetric of the following photometricerrors:

R (X) = IL(x)  Tr(X+ dL(X));
RL(X) = Ir(X) 1L (X + dr(X)):
(h | At the sametime, in order to distinguishoccludedand vis-

ible image areas,we proposeto use the disparity mismatch
(geometricconstraint):
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L(X) = kdp(x)+ dr(x + d_ (x))k;
0] @) (k) 0 r(X) = kdgr(x)+ di(x + dr(x))k;
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Fig.2. Comparisorof disparityextrapolationmethodson computergenerated wherek k denotestuclideannorm.Both | (x) and gr(Xx) are
images{(a)! . ; (b) partialdisparitymapwith ground-truthocclusions(black); ey nectedto be small for visible pixels andlarger for occluded
ground-truthdisparity as (c) intensity image and (d) 3-D surface; and the . .
extrapolateddisparity basedon (e) depth constang along epipolarline; () —and uncovered pixels. Note that althoughphotometricerrors
isotropic diffusion; (g) standardinpainting; (h) proposedapproachiand (i-)  (3) could have beenusedasocclusionindicators,they areless
correspondingd-D surfacesof disparity extrapolatedin occlusionareas. robust to noiseand intensityvariations[22].

In order to model data-matchingdisparity and occlusion
constraintswe proposethree pairs of enegy functions (6 in
total). Combinedusingadjustableveights thesefunctionswill
allow us, during minimization, to tradeoff intensity matching
accurayg for disparity and occlusionsmoothness.

Sincephotometricconstraintsgxpressedhrougherrors(3),
do not hold in occlusionareas( 2, and %, are large),
we needto disabletheir impact on the overall cost function
whenerer | or g is large (indicating occlusion). We can
accomplishthis by multiplying 25 and %, by a weight
functioninverselyproportionalto | and r (4), respectiely.
The larger the disparity mismatch,the smaller will be the
contritution of this photometricerror to the overall costfunc-
tion. We proposea monotonicallydecreasingveight function
D(z) = 1=(1 + K z?), with constantK > 0 controlling func-
tion's slope.D( L (x)) and D( r(x)) approachzero as the

- disparitiesd, ; dr arelessand lesscapableof compensating
and the.proposedapproaf:har_e shown in Figs. 2.9 and 2'.h' eachother We de ne the rst pair of enegy functions as
respectiely. The lastrow in Fig. 2 shavs the sameresultsin follows:

form of a 3-D surface aroundthe occlusionarea. Although 7 7
standardnpainting preseresstructuremuchbetterthandepth

disparity componentsare being (separately)smoothedbut
anisotropy is controlledby theunderlyingimageintensity This
approachhasalsobeenusedby othersto regularizedisparities
[11], [15].

In Fig. 2, we compareresultsof the proposedmage-drven
anisotropidisparitydiffusionwith thoseof otherextrapolation
methodson a syntheticimage.We assumehat we are given
a stereopair (left image shavn in Fig. 2.a) and a partially-
estimated horizontal (1-D) disparity map with occlusions
marked in black (Fig. 2.b). We would like to extrapolatethe
disparity mapin the occlusionareaand closely approachthe
ground-truthdisparity shawvn in Fig. 2.casanintensityimage
andin Fig. 2.dasa 3-D surface.A simpleextrapolationusing
depthconstang alongepipolarline [11] leadsto a patch-like
resultshavn in Fig. 2.e.0n the otherhand,isotropicdiffusion
(Fig. 2.f) is overly smooth.The resultsof standardnpainting

P _ 24y -
constang and isotropic diffusion, there is still unwanted Er = LD( L O e ()17
smoothing especiallyat the bottom of the white rectangle. o Z1Z ) (®)
The image-drven anisotropicdiffusion, however, producesan Er = D( RN rL(x)]7dX:
extrapolateddisparity eld with a clear discontinuity and is :
barely distinguishablefrom ground-truth. Theseenepies differ from the usualoptical o w formulation

by their ability to disabletheimpactof photometricerrorwhen
the disparitiesdo not compensateachother This is essential
becausdheseareasare mostlikely occludedandthe intensity
As shawn in the previous section,image-drven anisotropic matchingterm is not bene cial. To the contrary it may lead
diffusion can be an effective tool in extrapolationof optical to false solutions.A similar idea was usedin [9], wherea
o w in occlusionareasHowever, we assumedhat occlusion prediction term was disabledin favor of anotherprediction
areasareknown asis optical o w outsideocclusionareasand term (multiple images available), while here the prediction
thustheinpaintingis basicallya post-processingtep.Now, we termis disabledin favor of diffusionterm (two imagesonly).
proposea nen approachthatcombinesoptical- ow estimation, We embedthe idea of image-dven disparity extrapolation

[11. JOINT OPTICAL FLOW ESTIMATION/INPAINTING



throughthe secgngpair of enepgy functions:

ES (Fx (UL 1) + Fe(vi;1L))dx;

ZZ ¢
(Fx (ur;IR) + Fx(Vr;IR))dX;

with Fx de ned in (2). Note that enegies (5) and (6) jointly
leadto edge-preservingegularization(no disparity smoothing
acrossstrongintensity gradientswhenD (') is closeto 1, but
resultin disparityinpaintingwhenD () is zero(i.e., possible
occlusionarea),sincethe data-matchingermsare disabled.

The enegies (5) can be easily made arbitrarily small by
choosingvector elds with sufciently large | and r (4)
for all x. In order to prevent this, we proposean explicit
occlusionmodelthrogggthefoIIowing enegies:

(1 D(L(x))dx;
ZZ¢+
(1 D(r(x))dx:

R

Notethatl D( _(x)) andl D( r(x)) approachl asthe
geometricerrors | (x) and r(Xx) grow, andcanbethoughtof
asocclusionindicatorsin 1. andlr, respectiely. The above
enegy terms,by introducinga penaltyat eachocclusionpoint,
keep the total areaof occlusionsfrom growing inde nitely.
Otherwise all imagepointsdeclaredasoccludedwould result
in a low-enegy, but degeneratesolution. Since minimization
of thesetermsencourage® (z) to becloseto 1, thecomputed
vector elds are encouragedo be as close inversesof each
otheras possible(except occlusionareas).

In order to perform joint disparity estimation, implicit
occlusiondetectionand disparity extrapolation,we combine
the above enegy terms and carry out the following two
minimizationssimultaneously

minE.; B = EP+ ES+ EQ;
L

(6)

ER

EQ =

)

ER

8

min Eg; ER=EE+ E3+ ER
R

where and areregularizationfactors.SinceE, andEg are
functionalsof both d_. anddgr (throughD( ) andD( r)),
the minimization is performedin an interleaved fashion;
one iteration of minimization is performedon E| and the
estimatedd, is usedin oneiterationon Er, andvice versa.
A derivation of EulerLagrangeequationscanbe foundin the
Appendix.

Onemaywonderwhy not minimizethesumE, + Eg with
respectto d_. anddg instead.lt turnsout that sucha formu-
lation leadslocally (aroundocclusionareas)to contradictory
constraintsConsiderx 62A L but suchthatx 2 B R
(Fig. 1.a); intensityat x in | is visible in Ir but intensity
at x in Ir is not visible in 1. When minimizing E| with
respectto d. at x (8), a reliable disparity estimatecan be
obtainedsincean intensity matchcan be establisheetween
I, andlgr. Whenminimizing E, + Er alsowith respectto
d,. at x, the following enegy termsneedto be considered:
EF+ EZ+ EP+EE+ E Q (notethatES is independent
of d_). Clearly, in additionto E_, alsothe sum E,F{ + E S
is minimizedthus biasingthe estimateaway from the correct

IEEE TRANSACTIONS ON IMAGE PROCESSING,VOL. 17, NO. 8, AUGUST 2008

solutionobtainedwhenminimizing E_ only. This biasoccurs
sinceEf + E § is a function of both d. anddgr, andis
particularly severe for x visible in I but uncoveredin Ig

sincedg (x) is unreliable(obtainedby anisotropicdiffusion).
The impactof dgr(x) occursthrough %, (x) which may be
large since x is in an uncovered areaof |r (no match in

I.), andthrough g (x) which may alsobe large for the same
reasondg (x) pointsto avisibleareain 1. from whered, is
unlikely to pointbackto x). In orderto reducebothterms,d,

divergesfrom the correctestimate.Such erroneoussolutions
occuronly aroundocclusion/unceeredareaswhich we con-
rmed experimentally However, in separateput alternating,
minimizations of E| with respectto d,. and of Eg with

respectto dg, no sucheffectstake place.Although we have
no proof of corvergenceof alternatingminimizations(8), a
multiresolutionimplementation(see below) and regularizers
(6) help avoid divergence,andwe did not experienceit in our
experiments.Note that a similar minimization stratgy was
usedby Alvarezet al. [17].

IV. IMPLEMENTATION AND EXPERIMENTAL RESULTS

We discretizedthe resulting partial differential evolution
equationsusing nite differenceg(see[25] for the discretiza-
tion of anisotropicdiffusion). We usedan explicit discretiza-
tion schemefor its simplicity, and a small time step( t =
1:5 10 °) to assurestability of calculations.All subpiel
(non-intgyer position) values, e.g., Ir(x + d_(x)), were
computedusing bicubic interpolation.We useda hierarchical
implementatiorto avoid local minima.Imageswerepre Itered
with a Gaussianlter and downsampledso that at the lowest
resolutionthe maximum disparity did not exceed1-2 pixels.
The estimationwas startedat the lowest resolutionand the
resultpropagtedto the next higherresolutionby interpolation.
We usedrecti ed stereopairs,i.e.,d = [u0]"; the vertical
disparity componentwas setto zeroin estimation,therefore
leadingto a simpli ed versionof the algorithm.

In orderto carry out evaluationof the proposedalgorithm,
we introduce two different weighting functions D in our
enegy formulation:D 1(z) = 1=(1+ K 1z?) which weightsthe
photometricerror in (5) and D,(z) = 1=(1 + K ,z?) which
keepsthe total areaof occlusionsfrom growing inde nitely
(7). As shawvn in Tablel, for differentvaluesof K, andK,,
and different functional forms of g(z) our formulation may
be simpli ed to the original optical o w [1], edge-preserving
optical ow [5], or symmetricoptical ow [17] estimation,
the latter one forcing the two disparity elds to be close
inversesof eachother The symmetricoptical o w algorithm
includesthe occlusion-limitingterm (7) but doesnot disable
the data-matchingermin (5). This is of interestfor state-of-
the-artvideo coding basedon the discretewavelet transform
(DWT) asit is able to ensurea close invertibility of vector
elds, important for such coders[26]. Also, note that for
K 1=K >=0 and g(z)=1, minimizationsin (8) reduceto two
original optical ow algorithms executedin parallel. In all
experiments,wheneer K, andK, are non-zerowe usethe
value of 10, while =6000and =2000.

First, we tested the four approacheson two synthetic
sequencesFig. 3 shavs an unusually-shapedbiject that is
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(b)

(d)

(9 (h)

Fig. 3. Resultsfor a computergeneratedpair of images:(a) I_; (b) Ir;

ground-truthyc) occlusiondor | . and(d) disparityfor | | ; anddisparitiesfor

I L computedusingprogressiely morecomplex formulations:(e) original OF;

(f) edge-preservin®F; (g) symmetricOF; (h) proposednethod;and(i) likely
occlusionareasobtainedby thresholdingl D ( | (x)). In disparityimages,
black and white colorsrepresen® and 15 pixels of disparity respectiely.

displacedhorizontally by 15 pixels over a stationaryback-
ground. The original imagesand correspondingground-truth
occlusionareafor || arein thetop row of Fig. 3. Theground-
truth disparity map for 1. and its four estimatespresented
as intensity as well as the recovered occlusionsare shavn
in the remainingtwo rows. The secondsynthetic sequence
(Fig. 4) is more challenging;two circles displacein opposite
directions.Thereare three occlusionregions betweenimages
and a signi cant portion of occlusionsis due to one object
covering the other Tablell shows the absoluteerror per pixel
for the estimateddisparities.

TABLE |
OPTICAL FLOW (OF) ESTIMATION ALGORITHMS TESTED

Algorithm K1 Kz 9(z)

Original OF [1] 0 0 1

Edge-preservin@®F [5] 0 0 monotonically-decreasing

SymmetricOF [17] 0 >0 monotonically-decreasing

Proposedalgorithm >0 >0 monotonically-decreasing
TABLE I

ABSOLUTE ERROR PER PIXEL IN COMPUTED DISPARITY FIELDS

Image#1 (Fig. 3) Image#2 (Fig. 4)

up URr up URr
Original OF 4.57 4.67 1.63 1.44
Edge-preservin@F  1.55 1.51 0.81 0.52
SymmetricOF 1.61 1.83 0.60 0.45
Proposedalgorithm  0.58 0.53 0.35 0.36

(c)

(@)

Fig. 4. Resultsfor anotherpair of computergeneratedmages;seecaption
of Fig. 3 for description.In the disparityimages black, gray andwhite colors
represent10, 0, and 10 pixels of disparity respectely.

(b)
(e)
()

Clearly, the proposedmethod (Figs. 3.h and 4.h) outper
formsthe original (Figs. 3.eand4.e) andedge-preservingp-
tical ow (Figs. 3.f and4.f) algorithms,both subjectvely and
numerically Note a signi cant improvementoffered by edge-
preservingegularizationcomparedo the original optical ow
algorithm. The symmetric optical ow algorithm (Figs. 3.9
and 4.g) offers some subjectve and numerical advantage
over the edge-preservingptical ow but since it enforces
forward/backvard vector consisteng at occludedpixels, the
improvementis limited. Had the occlusion areasbeenvery
small, the symmetricoptical o w would have improved the
resultssigni cantly [17]. In our images,however, disparity
mismatch over large occlusion areas affects visible pixels
through diffusion and resultsin disparity errors. Still, this
methodis of interestfor DWT-basedvideo codingdueto close
mutually-inversepropertiesof the resultingvector elds [26].

We also comparedthe four approachesn the presenceof
noise; we addedzero-mearnwhite Gaussiamoiseto the test
imagefrom Fig. 3. The absolutedisparity error per pixel for
u_ is shavn in Tablelll for differentlevels of noise.Clearly,
the proposedmnethodperformswell undernoiseaswell. This

TABLE 11l
ABSOLUTE DISPARITY ERROR PER PIXEL FOR U ON TEST IMAGE FROM
FIG. 4 AT DIFFERENT LEVELS OF ZERO-MEAN WHITE GAUSSIAN NOISE

Resulting  Original Edge- Symmetric  Proposed

PSNR(dB) OF preservingOF OF algorithm

No noise 1.63 0.81 0.60 0.35
27.01 1.66 0.91 0.74 0.50
24.09 1.69 1.08 0.81 0.60
23.12 1.69 1.00 0.87 0.64
20.35 1.80 1.18 0.96 0.72




(a) (b)

(© (d)

(e) (f) )

Fig. 5. Experimentalresultsfor Exit image pair (property of Mitsubishi
Electric Research.aboratories) (a) I ; (b) | g ; estimateddisparityfor I g :
(c) symmetric-OF;and (d) proposedmethod;and (e-f) close-upsof results
from (c-d), (g) likely occlusionareasobtainedby thresholdingl D ( g (x)).

canbe explainedby the adaptve natureof the algorithm;since
disparitiesat noisy pixels usuallyleadto signi cant geometric
errors (4), the contritution from thesepixels is disabledin
(5). It shouldbe alsonotedthatthe hierarchicalschemeused,
which includesa pre ltering step,actsas a noise suppressor
and helpsall testedmethodsdeal with noise.

Finally, we testedthe algorithmson camera-acquiredm-
ages:Exit (Fig. 5) and Michel (Fig. 6). We presentresultsfor
the symmetricoptical- ow and the proposedalgorithm only.
For Exit, the improvementsare clearin occlusionareato the

IEEE TRANSACTIONS ON IMAGE PROCESSING,VOL. 17, NO. 8, AUGUST 2008

@ (b)

(© (d)

(e) ® ()

Fig. 6. Experimentalresultsfor Michel image pair (property of Microsoft
ResearciCambridge UK): seecaptionof Fig. 5 for description.

= 2000 experimentally While a larger would force an
even smootherisparity eld, alarger would furtherreduce
the number of (implicitly) estimatedocclusion pixels. We
choseK to be 10 becausewhen , i.e., mismatchbetween
vector elds, is larger than 1 pixel, D( ) falls belov 0.1, a
small enoughvalueto signi cantly reducecontritution of the
intensity matchingterm. Note that there exist methodssuch
asexpectationmaximization[27], min-maxprinciple [28] and
unbiasedisk estimatorf29] that canbe usedto automatically
selectparametewvalues.

In order to demonstratethat a very precise selection of

right of the personclosestto the camera,visible especially parameterss not necessaryn our method, Table IV shavs
in close-upimages(Fig. 5.e-f); in the symmetricoptical ow  absolutedisparityerrorperpixel for thetestimagefrom Fig. 4
result there is a clear spillover of disparitiesfrom persons While changingeither K, or , or . It canbe seenthat as
body into the background(pixels in the occlusionareafail ~parameterare increasedhreefold,the error changesat most
to nd correspondencén the other image). However, such by 10-20%. We also testeda relatively very small value of

errorsare largely correctedby the proposedmethod,because
the matchingterm (5) is disabledin occlusion areas.The
estimated occlusion areas are shovn in Fig. 5.g. Similar
improvementscan be obsered for Michel (Fig. 6.c-f). Note
the large occlusionareas,e.g., behind the head,that lead to
incorrectlarge disparitiesfor symmetricoptical ow (Fig. 6.c
and 6.e), but are correctedby the proposedmethod(Fig. 6.d
and 6.f). In this example, we used 500Q becausethe
occlusionareais much larger; unlessthe occlusioncountis
penalized,t will grow beyond reasonabldimits.

= 100 almosthalf of the pixels were marked as occlusion.
This wasto be expectedsince,as we mentionedearlier this
leadsto mismatchedlisparitiesd, anddr and,consequently
to disablingof the photometricerror (5).

TABLE IV
ABSOLUTE DISPARITY ERROR PER PIXEL FOR THE TEST IMAGE FROM
FIG. 4 AND DIFFERENT PARAMETER VALUES. IN EACH EXPERIMENT ONE
PARAMETER IS ADJUSTED WHILE OTHER PARAMETERS ARE UNCHANGED.

= 6000, = 2000 K =10, =2000 K = 10, = 6000

K up URr up URr up URr

A. Parameterselection 3 052 046 1000 0.54 0.45 100 1.00 1.16
As in other methods,an important issue is parameter 7 047 043 3000 043 040 1000 0.53 047
selection.In the proposedformulation, three parameterg, 10 035 036 6000 0.35 036 2000 0.35 0.36
_ 12 037 036 9000 0.37 037 3000 044 0.43

and inuence the results. We chose 6000 and
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V. CONCLUSIONS AND FUTURE WORK

We presentea variationalframework for joint optical o w
estimation,occlusiondetection,andoptical o w extrapolation
basedon two imagesonly. The newv formulation calculates
two closely-symmetrico w elds andalsoinpaintsthe optical
ow in occlusion areas. This formulation improves state-
of-the-art approachesn three ways. First, the image-drven
anisotropicdiffusion lls-in ow vectorsin occlusionareas
respectingmagestructure(intensitydiscontinuities)therefore
providing plausiblesolutions(unlike constant-disparitgxtrap-
olation). Secondly the joint formulation permits interaction
betweenoptical ow and occlusionsduring estimation,thus
allowing mutual corrections(unlike in the caseof three-step
approaches)Thirdly, by disablingthe data-matchingerm in
occlusionareas the estimationbias of optical o w vectorsis
eliminatedsince the systemrelies exclusively on anisotropic
diffusion (in visible areasdata-drven o w anddiffusionwork
together).

The proposedalgorithmhasshawn signi cant improvement
over original and edge-preservingptical ow formulations
both subjectvely and numerically Moreover, the symmetric
variant of the proposedalgorithm may be interesting for
DWT-basedvideocodingbecaus®f the particularrelationship
betweenthe resulting vector elds (close mutual inverses)
[26]. We obsered that the proposedapproachbrings only
about40% of additional computationalload to the standard
optical ow algorithm due to the additional interpolation
operationsstemmingfrom termssuchase*. We alsoobsered
that for larger occlusionareasthe numberof iterationsmust
be increasedso that diffusion can Il-in the areasusing
neighboringvalues.Oneshortcomingof the methodis evident
in highly-texturedimagesbecausémage-drven o w diffusion
is inhibited dueto the high local intensitygradient;a common
problemof image-dnen regularizers.This problemis being
currently addressed.
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APPENDIX
Let | = fu.;vig, r = fugr;Vvrg be setsof disparity
eld componentghat we seekby minimizationsin (8). As-
sumingthat | = g = in all enegy terms(5-7),we can
rewritezcozstfunctionalsin (8) asfollows:

E,L = e (x)dx; e (x)=€e(x)+ e(x)+ eP(x)
Z Z

Er = er(x)dx; er(x) = eR(x)+ €B(x)+ eR(x)

where

e (x) = DL(X)[ r (X))

ek (x) = DrO)[ re (X)]%

et (x) = Fy(uLile) + Fx(VisIL);
&3 (X) = Fx(Ur;IR) + Fx(VR;IR);
e’(x)= (1 DL(x));

er(x) = (1 Dgr(x));

and DL (x) £ D(L(x)), Dr(x) £ D( r(x)). We will
minimize E| and Er simultaneouslyby assumingthat d,
is constanwhencomputingdgr andvice versa.This will lead
to interleaved descenequationsij.e., oneiterationof d, using
the valuesof dg from previous iteration andvice versa.
Using the calculusof variations,two EulerLagrangeequa-
tions (onefor eachunknavn in ) for eachE canbe found

inthefoomof e (1) = & Q& 2% =o0and
L L

0 - @ @ @ — 0

e(lr) = 2= @@@2 g@%— 0, where€? (w,) and

e%(wr) are the rst variationswith respectto ! | 2 |,
IR 2 R, Wheread * and! ¥ arederiativeswith respectto
x andy, respectrely. Expandingeachequationand omitting
derivativesthatareequalto zero(e.g., @ =@ = 0) we get
two EulerLagrangeequationsfor eachE asfollows,

@, e @6,k e@ _

@ @ @@ @of ’ )

e, e ee,K e _

@r @r @ @O ’
where,agpin, ! . 2 | and!r 2 g . Partial derivatives

with respectto u, , v_, Ur, Vg canbe computedas follows
(x wasdroppedfor simplicity of notation):

P
%: @@lD:_(LR)2 2D K R
P
%: %:—(LR)Z 2D B (R
P
g;i: %):( rL)?  2DRES RL
P
%E: %:( rL)? 2DRE RL
_@@E + _@@ _ @2g(1ui) + @@g(lyiuy)
@ e oy @ @
_@@E + _@gf: @29(j1 $i)vy) + @a2g(jlyivy)
@ar @ao @ @
Q@@r, @@ _ @29(lxi)ux) , @29(l4i)uk)
@@y @ ay @& @
@@S + @@: @29(j1 j)V&r) + @29(jl 4j)vi)
@@y @ @ @
®_ @ e _ @
@ @,' @ @
e @« 8.
@R @gr ' @r @R

wherel * and1?

are horizontaland vertical derivatives of | ,

while ¢ andP’ aredervativesevaluatedoff x, e.g.,B(x) =

[X(x + dr(x)). Furthermorewe have:

@.
@i
@.
@
@r
@Qr
@r
@r

= 2K

= 2K

= 2K

(1+85) Lu + 88 Ly

(1+ K( Lu )2+ K( L;v)z)z,
9?:,( L;u + (1+ Eé) Lv

A+ K(Lu)?+ K(Lv)??
(L+e) rut e Ry

1+ K(ru)?+ K(ry)?)?’
8 rut (1+@)ry

T+ K( ru)2+ K(rw)?)?’



where

Lu (X) = uL(X) + ur(x + dr(X));
Lv (xX) = vi(x)+ vr(x + dL(x));
Ru(X) = Ur(X)+ uL(x + dr(X));
Ryv(X) = VR(X)+ vi (X + dr(X));

areindividual componentof disparity errors(4) ande*, e*,

e,

& are aqain derivatives evaluatedoff x, e.g., e} (x) =

uy (x + dr(x)). Using an auxiliary time variablet, equations
in (9) canbe solved by discretizinggradientdescentequations
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