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Abstract— Optical �o w canbereliably estimatedbetweenareas
visible in two images,but not in occlusion areas.If optical �o w
is needed in the whole image domain, one approach is to use
additional viewsof the samescene.If suchviewsare unavailable,
an often-usedalternative is to extrapolateoptical �o w in occlusion
areas.Since the location of such areasis usually unknown prior
to optical �o w estimation, this is usually performed in thr ee
steps. First, occlusion-ignorant optical �o w is estimated, then
occlusion areas are identi�ed using the estimated (unreliable)
optical �o w, and, �nally , the optical �o w is corrected using the
computed occlusion areas. This approach, however, does not
permit interaction betweenoptical �o w and occlusionestimates.
In this paper, we permit such interaction by proposing a varia-
tional formulation that jointly computes optical �o w, implicitly
detectsocclusionsand extrapolatesoptical �o w in occlusionareas.
The extrapolation mechanism is based on anisotropic diffusion
and uses the underlying image gradient to preserve structur e,
such as optical �o w discontinuities. Our results show signi�cant
impr ovements in the computed optical �o w �elds over other
approaches,both qualitati vely and quantitati vely.

Index Terms— Optical �o w, disparity estimation, motion esti-
mation, occlusions,anisotropic diffusion.

I . INTRODUCTION

Optical �o w algorithms[1], [2], [3], [4], [5], [6] areamong
the best methodsfor the estimation of disparity in stereo
imagesand motion in video sequences.However, occlusion
areas(Fig. 1.a), resulting from scenestructureand/orobject
motion,posesigni�cant challenges.In this paper, by the term
“occlusion area” we refer to an area in one image (areaA
in image I L , Fig. 1.a) that disappearsin the other image
(I R ). Notethata disappearingareabecomesanappearingarea
(alsoknown as“uncoveredarea”)if the directionof arrows is
reversed.Whenconsideringmotion, the directionof arrows is
relatedto time (forwardversusbackward),while in stereoit is
relatedto theorderof views (left-to-right versusright-to-left).
Although the work presentedhere is genericand appliesto
both stereoand motion, our speci�c examplesare in stereo
and thuswe will also refer to optical �o w asdisparity.

It is important to note that for any pair of imagesoptical
�o w is unde�ned in an occlusionareasince, by de�nition,
a correspondingarea cannot be found in the other image
(in Fig. 1.a points in A have no match in I R ). However,
in certainapplicationsit is desirableto identify optical �o w
everywhere in animage.For example,whenrenderingavirtual
view, depth (disparity) needsto be known for all pixels to
be rendered(Fig. 1.b), while in video frame-rateconversion
motion of all pixels is needed.Solutionsto this problemhave

S.Inceis with Intellivid Corp.,Cambridge,MA 02138.Hewaswith Boston
University, Dept. of Electrical and ComputerEng., Boston, MA 02215. J.
Konrad is with Boston University, Dept. of Electrical and ComputerEng.,
Boston,MA 02215,USA, ince@alum.bu.edu, jkonrad@bu.edu

This work was supportedby the NSF under grant ECS-0219224and by
the NIH undergrant1R21HD050655-01.

A{

} B

IL IR
(a)

?{

} ?

IL IRJ

OL

OR

{

}

(b)
Fig. 1. Illustration of occlusioneffectson a horizontalcross-sectionof two
imagesdepictingpositionchangeof a simpleobject(black): (a) areaA from
I L is beingoccludedin I R by the object,while areaB is beinguncovered;
and(b) intermediateimageJ that canbe reconstructedif areasOL andOR
areidenti�ed andpropercorrespondencewith eitherI L or I R is established.

beenproposedusing additional images[7], [8], [9]. In one
interesting approach,a data-matchingterm in optical �o w
formulation is adaptively disabledin order to selectthe best
prediction amongseveral images[9]. We will use a similar
disablingstrategy in the approachproposedhere.From now
on, however, we areconcernedwith the estimationof optical
�o w from two imagesonly.

Most optical-�ow estimationerrorsarisein occlusionareas
due to forced, but unreliable, intensity matching, and are
further aggravatedby smoothingof optical �o w acrossobject
boundaries(adjacentto occlusion area). Without explicitly
detectingocclusions,methodshave beenproposedto dealwith
oversmoothing,such as image-adaptive, isotropic diffusion
[12], anisotropicdiffusion(imageor �o w-adaptive) [13], [14],
[5], [11], [15], and isotropic diffusion with non-quadratic
regularizers [4], [6]. These methodslead to discontinuity-
preservingvector �elds, but do not accountfor occlusions.
A steptowardsaccountingfor occlusionswastakenby jointly
estimating forward and backward optical-�ow �elds under
�o w-�eld regularization[16], [17]. In one casethe resulting
�o w diffusion was isotropic but adaptedto the difference
betweenforward and backward optical-�ow estimates(large
differenceindicatingocclusions)[16], while in the othercase
the diffusion was anisotropicandbasedon underlyingimage
gradients[17].

The above methodslead to discontinuity-preservingvector
�elds, but still produceerroneousresults at object bound-
aries since incorrect intensity matchesare allowed despite
occlusions.Oneremedyis to extrapolate(inpaint), ratherthan
estimate,optical �o w in occlusionareas[10], [11]. Ideally,
one would �rst identify occlusion areasand then compute
optical �o w accountingfor theseareas.However, it is unclear
how to �nd occlusionareaswithout �rst computingoptical
�o w. Hence, in practice, occlusion-unaware optical �o w is
computed�rst, resultingin incorrectvectorsin occlusionareas
(a match is forced despite lack of correspondence).Then,
occlusionareasare identi�ed, and, �nally , the optical �o w is
correctedthere[11]. This three-stepapproachis de�cient since
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incorrectvectorsfrom occlusionareasaffect their neighborsin
visibleareasdueto spatialregularizationtypically used.More-
over, this approachdoesnot bootstrapoptical �o w estimates
to improve occlusiondetectionresults.

More recently, methodshave been proposedthat jointly
estimatedisparity and occlusions.One suchmethodis based
on a visibility constraintbut treats the disparity correction
in occlusionareasas a post-processingstep [10]. Moreover,
this corrective step assumesthat depth in occlusion areas
and surroundingpixels is constantalong epipolar lines. Al-
though often valid, this assumptionfails for image back-
groundswith varyingdepth.Anothermethodjointly estimates
bidirectionally-consistent(forward/backward) motion �elds
andocclusionlabelsusingMarkov random�elds in aBayesian
framework [18]. However, theocclusiondetectionmechanism
relies on an intensity, rather than �o w-�eld, mismatch,and
no vector correctionis performedin occlusionareas.Graph
cut methods[19], [20] have been used in disparity/motion
estimationunderocclusionsaswell. Thesemethodsexplicitly
de�ne an occlusion term in the formulation, however the
intensitymatchingandocclusiontermsusuallydo not interact,
i.e., disableeachother, unlike in the approachproposedhere.

A joint approachsomewhat similar to the one proposed
herewasrecentlydevelopedby Xiao et al. [21]. Althoughnot
formulatedthrougha singlecost function underoptimization,
the approachis implementedin a loop andcanbe considered
a joint approach.However, the method employs a bilateral
�lter and locally adjusts�lter strengthby usingprecomputed
occlusionlabelsin eachiteration,whereaswe useanisotropic
diffusion and let the joint formulation drive the diffusion
processby using “soft” occlusion information (no explicit
occlusion labeling step). Moreover, the occlusion detection
relies on intensity mismatch,that is unreliableunder image
noiseandillumination changes[22], while we usean optical-
�o w mismatch.

In this paper, we deal with the de�ciencies of prior ap-
proachesby proposinga variational formulation that jointly
estimatesoptical-�ow vectors, implicitly detectsocclusions
and extrapolatesoptical �o w in occlusionareas.The evolv-
ing occlusionsforce vector extrapolation (via diffusion) by
automaticallydisablingintensitymatchingat occludedpixels,
but permit standardestimation at visible pixels. By using
anisotropic diffusion driven by underlying image gradient,
the interactionbetweenocclusion-areaand somevisible-area
optical-�ow vectorsis inhibited. At the sametime, this joint
formulation solved iteratively facilitates interactionbetween
optical-�ow vectors and occlusion labels, thus leading to
morecoherentsolutions.Evaluationof theproposedapproach
on syntheticand real imagesdemonstratesits ef�cacy, both
qualitatively andquantitatively.

Thepaperis organizedasfollows. In SectionII, we describe
image-drivenanisotropicoptical-�ow diffusion.In SectionIII,
we describeour joint formulation, and in Section IV we
presentexperimentalresults.

I I . OPTICAL FLOW EXTRAPOLATION via IMAGE-DRIVEN

ANISOTROPIC DIFFUSION

Considerrenderingintermediateview J basedon views I L

and I R (Fig. 1.b). In a simplescenario,disparitybetweenI L

and I R would be computed�rst, and then intensitiesof I L

and I R would be disparity-compensatedonto J to createthe
intermediateview. However, sinceareaA undergoesocclusion
in I R , disparity cannotbe computedhere,which makes ren-
dering the correspondingareaOL (visible in I L ) impossible.
Similarly, disparity remainsunde�ned in the uncoveredarea
B and thus OR (visible in I R ) cannotbe reconstructed.In
orderto reconstructOL andOR , a propercorrespondencewith
I L andI R , respectively, needsto be establishedvia disparity.
Also, asrecentlysuggested,motion-basedobjectsegmentation
couldbe improvedhadvectorsbeenknown in occlusionareas
[23].

An analogousproblemwassolved for imagesby Bertalmio
et al. [24]. They proposedan algorithm to �ll in, or inpaint,
missing areasin an imageusing surroundingintensitiesand
their gradients.Their approachconsistsof two steps: �rst,
extending available gradientsinto a missing area,and then
applying anisotropicdiffusion to propagate the available in-
tensitiesinto this area.The imagegradientsareextended�rst
so that the subsequentanisotropicdiffusion preserves them
(e.g., intensity/colordiscontinuities).In the caseof disparity
inpainting,imageintensitiesareknown in occlusionareas,and
thus the �rst step is not neededunder the assumptionthat
image and disparity discontinuitiescoincide. Therefore,we
proposeto extrapolatedisparitiesusing anisotropicdiffusion
driven by imagegradient.

Let x = (x; y)T 2 
 be a spatial position in image I
de�ned on 
 . Also, let f d(x )gx 2 
 be a disparity �eld to
be computed;d = [u; v]T with u and v being, respectively,
horizontaland vertical componentsof the disparity vector d.
Finally, let O � 
 beanocclusionareain imageI . In orderto
inpaintdisparitiesd, we exploit theunderlyingimagestructure
by carryingout the following minimization:

min
u;v

Z Z

O
(Fx (u; I ) + Fx (v; I ))dx ; (1)

whereFx is de�ned as follows:

Fx (u; I ) = r T u(x )
�

g(jI x (x )j) 0
0 g(jI y (x )j)

�
r u(x ); (2)

g(�) is a monotonically-decreasingfunction, and I x , I y are
horizontalandvertical derivativesof I , respectively.

The above minimization leads to anisotropic diffusion;
disparitiesin occlusionareasare diffused while accounting
for theunderlyingimagegradient.Assumingthat thegradient
magnitudewithin an object is small, an iterative algorithm
implementing(1) will diffuse disparitiesinside each object
only. The edge-stoppingfunction g(�) will prevent diffusion
acrossobject boundariesbecausegradient is usually large
there.Thecostfunction(2) is very similar to theoneproposed
by Peronaand Malik [25]. However, while in Peronaand
Malik' s caseimageintensityundergoessmoothingandat the
sametime drives the edge-stoppingfunction g(�) to control
anisotropy duringdiffusion,in our casehorizontalandvertical
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Fig. 2. Comparisonof disparityextrapolationmethodsoncomputer-generated
images:(a) I L ; (b) partialdisparitymapwith ground-truthocclusions(black);
ground-truthdisparity as (c) intensity image and (d) 3-D surface; and the
extrapolateddisparity basedon (e) depthconstancy along epipolar line; (f)
isotropic diffusion; (g) standardinpainting; (h) proposedapproach;and (i-l)
corresponding3-D surfacesof disparityextrapolatedin occlusionareas.

disparity componentsare being (separately)smoothedbut
anisotropy is controlledby theunderlyingimageintensity. This
approachhasalsobeenusedby othersto regularizedisparities
[11], [15].

In Fig. 2, we compareresultsof the proposedimage-driven
anisotropicdisparitydiffusionwith thoseof otherextrapolation
methodson a syntheticimage.We assumethat we are given
a stereopair (left image shown in Fig. 2.a) and a partially-
estimatedhorizontal (1-D) disparity map with occlusions
marked in black (Fig. 2.b). We would like to extrapolatethe
disparity map in the occlusionareaand closely approachthe
ground-truthdisparity, shown in Fig. 2.c asan intensityimage
andin Fig. 2.d asa 3-D surface.A simpleextrapolationusing
depthconstancy alongepipolarline [11] leadsto a patch-like
resultshown in Fig. 2.e.On theotherhand,isotropicdiffusion
(Fig. 2.f) is overly smooth.The resultsof standardinpainting
and the proposedapproachare shown in Figs. 2.g and 2.h,
respectively. The last row in Fig. 2 shows the sameresultsin
form of a 3-D surface aroundthe occlusionarea.Although
standardinpaintingpreservesstructuremuchbetterthandepth
constancy and isotropic diffusion, there is still unwanted
smoothingespeciallyat the bottom of the white rectangle.
The image-driven anisotropicdiffusion,however, producesan
extrapolateddisparity �eld with a clear discontinuity and is
barelydistinguishablefrom ground-truth.

I I I . JOINT OPTICAL FLOW ESTIMATION/INPAINTING

As shown in the previous section,image-driven anisotropic
diffusion can be an effective tool in extrapolationof optical
�o w in occlusionareas.However, we assumedthat occlusion
areasareknown asis optical �o w outsideocclusionareas,and
thustheinpaintingis basicallyapost-processingstep.Now, we
proposeanew approachthatcombinesoptical-�ow estimation,

occlusiondetectionand optical-�ow extrapolationin a single
formulation.

Let I L : 
 L ! R+ , I R : 
 R ! R+ , and let x belong
either to 
 L or 
 R . We would like to computetwo disparity
�elds: f dL (x ) = [uL (x ); vL (x )]T gx 2 
 L and f dR (x ) =
[uR (x ); vR (x )]T gx 2 
 R that,for pixelsvisible in both images,
minimize somemetric of the following photometricerrors:

� LR (x ) = I L (x ) � I R (x + dL (x )) ;

� R L (x ) = I R (x ) � I L (x + dR (x )) :
(3)

At the sametime, in order to distinguishoccludedand vis-
ible image areas,we proposeto use the disparity mismatch
(geometricconstraint):

� L (x ) = kdL (x ) + dR (x + dL (x ))k;

� R (x ) = kdR (x ) + dL (x + dR (x ))k;
(4)

wherek�k denotesEuclideannorm.Both � L (x ) and� R (x ) are
expectedto besmall for visible pixelsandlarger for occluded
and uncoveredpixels. Note that althoughphotometricerrors
(3) couldhave beenusedasocclusionindicators,they areless
robust to noiseand intensityvariations[22].

In order to model data-matching,disparity and occlusion
constraints,we proposethreepairs of energy functions(6 in
total).Combinedusingadjustableweights,thesefunctionswill
allow us,during minimization,to tradeoff intensitymatching
accuracy for disparityandocclusionsmoothness.

Sincephotometricconstraints,expressedthrougherrors(3),
do not hold in occlusion areas(� 2

LR and � 2
R L are large),

we needto disabletheir impact on the overall cost function
whenever � L or � R is large (indicating occlusion).We can
accomplishthis by multiplying � 2

LR and � 2
R L by a weight

function inverselyproportionalto � L and� R (4), respectively.
The larger the disparity mismatch,the smaller will be the
contribution of this photometricerror to the overall costfunc-
tion. We proposea monotonicallydecreasingweight function
D(z) = 1=(1 + K z2), with constantK > 0 controlling func-
tion's slope.D(� L (x )) and D(� R (x )) approachzero as the
disparitiesdL ; dR are lessand lesscapableof compensating
each other. We de�ne the �rst pair of energy functions as
follows:

E P
L =

Z Z


 L

D(� L (x ))[ � LR (x )]2dx ;

E P
R =

Z Z


 R

D(� R (x ))[ � R L (x )]2dx :
(5)

Theseenergiesdiffer from the usualoptical �o w formulation
by theirability to disabletheimpactof photometricerrorwhen
the disparitiesdo not compensateeachother. This is essential
becausetheseareasaremostlikely occludedandthe intensity
matchingterm is not bene�cial. To the contrary, it may lead
to false solutions.A similar idea was used in [9], where a
prediction term was disabledin favor of anotherprediction
term (multiple imagesavailable), while here the prediction
term is disabledin favor of diffusion term (two imagesonly).

We embedthe ideaof image-driven disparityextrapolation
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throughthe secondpair of energy functions:

E S
L =

Z Z


 L

(Fx (uL ; I L ) + Fx (vL ; I L ))dx ;

E S
R =

Z Z


 R

(Fx (uR ; I R ) + Fx (vR ; I R ))dx ;
(6)

with Fx de�ned in (2). Note that energies (5) and (6) jointly
leadto edge-preservingregularization(no disparitysmoothing
acrossstrongintensitygradients)whenD(�) is closeto 1, but
result in disparity inpaintingwhenD(�) is zero(i.e., possible
occlusionarea),sincethe data-matchingtermsaredisabled.

The energies (5) can be easily madearbitrarily small by
choosingvector �elds with suf�ciently large � L and � R (4)
for all x . In order to prevent this, we proposean explicit
occlusionmodel throughthe following energies:

E O
L =

Z Z


 L

(1 � D (� L (x ))) dx ;

E O
R =

Z Z


 R

(1 � D (� R (x ))) dx :
(7)

Note that 1 � D (� L (x )) and1 � D(� R (x )) approach1 asthe
geometricerrors� L (x ) and� R (x ) grow, andcanbethoughtof
asocclusionindicatorsin I L andI R , respectively. The above
energy terms,by introducinga penaltyat eachocclusionpoint,
keep the total areaof occlusionsfrom growing inde�nitely.
Otherwise,all imagepointsdeclaredasoccludedwould result
in a low-energy, but degenerate,solution.Sinceminimization
of thesetermsencouragesD(z) to becloseto 1, thecomputed
vector �elds are encouragedto be as close inversesof each
otheraspossible(exceptocclusionareas).

In order to perform joint disparity estimation, implicit
occlusiondetectionand disparity extrapolation,we combine
the above energy terms and carry out the following two
minimizationssimultaneously:

min
d L

EL ; EL = E P
L + � E S

L + �E O
L ;

min
d R

ER ; ER = E P
R + � E S

R + �E O
R

(8)

where� and� areregularizationfactors.SinceEL andER are
functionalsof both dL and dR (throughD(� L ) and D(� R )),
the minimization is performed in an interleaved fashion;
one iteration of minimization is performedon EL and the
estimateddL is usedin one iterationon ER , andvice versa.
A derivation of Euler-Lagrangeequationscanbe found in the
Appendix.

Onemaywonderwhy not minimize thesumEL + ER with
respectto dL anddR instead.It turnsout that sucha formu-
lation leadslocally (aroundocclusionareas)to contradictory
constraints.Considerx 62A � 
 L but suchthatx 2 B � 
 R

(Fig. 1.a); intensity at x in I L is visible in I R but intensity
at x in I R is not visible in I L . When minimizing EL with
respectto dL at x (8), a reliable disparity estimatecan be
obtainedsincean intensitymatchcanbe establishedbetween
I L and I R . When minimizing EL + ER also with respectto
dL at x , the following energy termsneedto be considered:
E P

L + � E S
L + �E O

L + E P
R + �E O

R (notethatE S
R is independent

of dL ). Clearly, in addition to EL , also the sum E P
R + �E O

R
is minimizedthusbiasingthe estimateaway from the correct

solutionobtainedwhenminimizing EL only. This biasoccurs
since E P

R + �E O
R is a function of both dL and dR , and is

particularly severe for x visible in I L but uncovered in I R

sincedR (x ) is unreliable(obtainedby anisotropicdiffusion).
The impact of dR (x ) occursthrough� 2

R L (x ) which may be
large since x is in an uncovered area of I R (no match in
I L ), andthrough� R (x ) which mayalsobe large for thesame
reason(dR (x ) pointsto a visibleareain I L from wheredL is
unlikely to point backto x ). In orderto reducebothterms,dL

diverges from the correctestimate.Sucherroneoussolutions
occuronly aroundocclusion/uncoveredareas,which we con-
�rmed experimentally. However, in separate,but alternating,
minimizations of EL with respectto dL and of ER with
respectto dR , no sucheffects take place.Although we have
no proof of convergenceof alternatingminimizations(8), a
multiresolution implementation(seebelow) and regularizers
(6) helpavoid divergence,andwe did not experienceit in our
experiments.Note that a similar minimization strategy was
usedby Alvarezet al. [17].

IV. IMPLEMENTATION AND EXPERIMENTAL RESULTS

We discretizedthe resulting partial differential evolution
equationsusing �nite differences(see[25] for the discretiza-
tion of anisotropicdiffusion). We usedan explicit discretiza-
tion schemefor its simplicity, and a small time step (� t =
1:5 � 10� 5) to assurestability of calculations.All subpixel
(non-integer position) values, e.g., I R (x + dL (x )) , were
computedusingbicubic interpolation.We useda hierarchical
implementationto avoid localminima.Imageswerepre�ltered
with a Gaussian�lter anddownsampledso that at the lowest
resolutionthe maximumdisparity did not exceed1-2 pixels.
The estimationwas startedat the lowest resolutionand the
resultpropagatedto thenext higherresolutionby interpolation.
We usedrecti�ed stereopairs, i.e., d = [u 0]T ; the vertical
disparity componentwas set to zero in estimation,therefore
leadingto a simpli�ed versionof the algorithm.

In order to carry out evaluationof the proposedalgorithm,
we introduce two different weighting functions D in our
energy formulation:D1(z) = 1=(1+ K 1z2) which weightsthe
photometricerror in (5) and D2(z) = 1=(1 + K 2z2) which
keepsthe total areaof occlusionsfrom growing inde�nitely
(7). As shown in Table I, for differentvaluesof K 1 andK 2,
and different functional forms of g(z) our formulation may
be simpli�ed to the original optical �o w [1], edge-preserving
optical �o w [5], or symmetricoptical �o w [17] estimation,
the latter one forcing the two disparity �elds to be close
inversesof eachother. The symmetricoptical �o w algorithm
includesthe occlusion-limitingterm (7) but doesnot disable
the data-matchingterm in (5). This is of interestfor state-of-
the-artvideo coding basedon the discretewavelet transform
(DWT) as it is able to ensurea close invertibility of vector
�elds, important for such coders [26]. Also, note that for
K 1=K 2=0 and g(z)=1, minimizations in (8) reduceto two
original optical �o w algorithms executedin parallel. In all
experiments,whenever K 1 and K 2 are non-zerowe use the
valueof 10, while � =6000and � =2000.

First, we tested the four approacheson two synthetic
sequences.Fig. 3 shows an unusually-shapedobject that is
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 3. Resultsfor a computer-generatedpair of images:(a) I L ; (b) I R ;
ground-truth:(c) occlusionsfor I L and(d) disparityfor I L ; anddisparitiesfor
I L computedusingprogressively morecomplex formulations:(e)originalOF;
(f) edge-preservingOF; (g) symmetricOF; (h) proposedmethod;and(i) likely
occlusionareasobtainedby thresholding1 � D (� L (x )) . In disparityimages,
black andwhite colors represent0 and15 pixels of disparity, respectively.

displacedhorizontally by 15 pixels over a stationaryback-
ground.The original imagesand correspondingground-truth
occlusionareafor I L arein thetop row of Fig. 3. Theground-
truth disparity map for I L and its four estimates,presented
as intensity, as well as the recovered occlusionsare shown
in the remaining two rows. The secondsynthetic sequence
(Fig. 4) is morechallenging;two circlesdisplacein opposite
directions.Thereare threeocclusionregionsbetweenimages
and a signi�cant portion of occlusionsis due to one object
covering the other. TableII shows the absoluteerror per pixel
for the estimateddisparities.

TABLE I

OPTICAL FLOW (OF) ESTIMATION ALGORITHMS TESTED

Algorithm K 1 K 2 g(z)

Original OF [1] 0 0 1

Edge-preservingOF [5] 0 0 monotonically-decreasing

SymmetricOF [17] 0 > 0 monotonically-decreasing

Proposedalgorithm > 0 > 0 monotonically-decreasing

TABLE II

ABSOLUTE ERROR PER PIXEL IN COMPUTED DISPARITY FIELDS

Image#1 (Fig. 3) Image#2 (Fig. 4)

uL uR uL uR

Original OF 4.57 4.67 1.63 1.44

Edge-preservingOF 1.55 1.51 0.81 0.52

SymmetricOF 1.61 1.83 0.60 0.45

Proposedalgorithm 0.58 0.53 0.35 0.36

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 4. Resultsfor anotherpair of computer-generatedimages;seecaption
of Fig. 3 for description.In thedisparityimages,black,grayandwhite colors
represent-10, 0, and10 pixels of disparity, respectively.

Clearly, the proposedmethod(Figs. 3.h and 4.h) outper-
forms the original (Figs.3.eand4.e)andedge-preservingop-
tical �o w (Figs.3.f and4.f) algorithms,both subjectively and
numerically. Note a signi�cant improvementofferedby edge-
preservingregularizationcomparedto theoriginal optical �o w
algorithm. The symmetric optical �o w algorithm (Figs. 3.g
and 4.g) offers some subjective and numerical advantage
over the edge-preservingoptical �o w but since it enforces
forward/backward vector consistency at occludedpixels, the
improvement is limited. Had the occlusionareasbeenvery
small, the symmetricoptical �o w would have improved the
results signi�cantly [17]. In our images,however, disparity
mismatch over large occlusion areasaffects visible pixels
through diffusion and results in disparity errors. Still, this
methodis of interestfor DWT-basedvideocodingdueto close
mutually-inversepropertiesof the resultingvector �elds [26].

We also comparedthe four approachesin the presenceof
noise;we addedzero-meanwhite Gaussiannoise to the test
imagefrom Fig. 3. The absolutedisparity error per pixel for
uL is shown in TableIII for different levels of noise.Clearly,
the proposedmethodperformswell undernoiseaswell. This

TABLE III

ABSOLUTE DISPARITY ERROR PER PIXEL FOR uL ON TEST IMAGE FROM

FIG. 4 AT DIFFERENT LEVELS OF ZERO-MEAN WHITE GAUSSIAN NOISE

Resulting Original Edge- Symmetric Proposed

PSNR(dB) OF preservingOF OF algorithm

No noise 1.63 0.81 0.60 0.35

27.01 1.66 0.91 0.74 0.50

24.09 1.69 1.08 0.81 0.60

23.12 1.69 1.00 0.87 0.64

20.35 1.80 1.18 0.96 0.72
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(a) (b)

(c) (d)

(e) (f) (g)

Fig. 5. Experimentalresults for Exit image pair (property of Mitsubishi
Electric ResearchLaboratories): (a) I L ; (b) I R ; estimateddisparity for I R :
(c) symmetric-OF;and (d) proposedmethod;and (e-f) close-upsof results
from (c-d), (g) likely occlusionareasobtainedby thresholding1� D (� R (x )) .

canbeexplainedby theadaptive natureof thealgorithm;since
disparitiesat noisypixelsusuallyleadto signi�cant geometric
errors (4), the contribution from thesepixels is disabledin
(5). It shouldbe alsonotedthat the hierarchicalschemeused,
which includesa pre�ltering step,actsas a noisesuppressor
andhelpsall testedmethodsdealwith noise.

Finally, we testedthe algorithmson camera-acquiredim-
ages:Exit (Fig. 5) andMichel (Fig. 6). We presentresultsfor
the symmetricoptical-�ow and the proposedalgorithm only.
For Exit, the improvementsareclear in occlusionareato the
right of the personclosestto the camera,visible especially
in close-upimages(Fig. 5.e-f); in the symmetricoptical �o w
result there is a clear spillover of disparitiesfrom person's
body into the background(pixels in the occlusionarea fail
to �nd correspondencein the other image). However, such
errorsare largely correctedby the proposedmethod,because
the matching term (5) is disabled in occlusion areas.The
estimatedocclusion areas are shown in Fig. 5.g. Similar
improvementscan be observed for Michel (Fig. 6.c-f). Note
the large occlusionareas,e.g., behind the head,that lead to
incorrectlarge disparitiesfor symmetricoptical �o w (Fig. 6.c
and 6.e), but are correctedby the proposedmethod(Fig. 6.d
and 6.f). In this example, we used � = 5000, becausethe
occlusionareais much larger; unlessthe occlusioncount is
penalized,it will grow beyond reasonablelimits.

A. Parameterselection

As in other methods, an important issue is parameter
selection.In the proposedformulation, three parametersK ,
� and � in�uence the results. We chose � = 6000 and

(a) (b)

(c) (d)

(e) (f) (g)

Fig. 6. Experimentalresultsfor Michel imagepair (propertyof Microsoft
ResearchCambridge,UK): seecaptionof Fig. 5 for description.

� = 2000 experimentally. While a larger � would force an
even smootherdisparity�eld, a larger � would further reduce
the number of (implicitly) estimatedocclusion pixels. We
choseK to be 10 becausewhen � , i.e., mismatchbetween
vector �elds, is larger than 1 pixel, D (� ) falls below 0.1, a
small enoughvalueto signi�cantly reducecontribution of the
intensity matchingterm. Note that there exist methodssuch
asexpectationmaximization[27], min-maxprinciple [28] and
unbiasedrisk estimator[29] that canbe usedto automatically
selectparametervalues.

In order to demonstratethat a very preciseselectionof
parametersis not necessaryin our method,Table IV shows
absolutedisparityerrorperpixel for thetestimagefrom Fig. 4
while changingeither K , or � , or � . It can be seenthat as
parametersare increasedthreefold,the error changesat most
by 10-20%.We also testeda relatively very small value of
� = 100; almosthalf of the pixels weremarked asocclusion.
This was to be expectedsince,as we mentionedearlier, this
leadsto mismatcheddisparitiesdL anddR and,consequently,
to disablingof the photometricerror (5).

TABLE IV

ABSOLUTE DISPARITY ERROR PER PIXEL FOR THE TEST IMAGE FROM

FIG. 4 AND DIFFERENT PARAMETER VALUES. IN EACH EXPERIMENT ONE

PARAMETER IS ADJUSTED WHILE OTHER PARAMETERS ARE UNCHANGED.

� = 6000, � = 2000

K uL uR

3 0.52 0.46

7 0.47 0.43

10 0.35 0.36

12 0.37 0.36

K = 10, � = 2000

� uL uR

1000 0.54 0.45

3000 0.43 0.40

6000 0.35 0.36

9000 0.37 0.37

K = 10, � = 6000

� uL uR

100 1.00 1.16

1000 0.53 0.47

2000 0.35 0.36

3000 0.44 0.43
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V. CONCLUSIONS AND FUTURE WORK

We presenteda variationalframework for joint optical �o w
estimation,occlusiondetection,andoptical �o w extrapolation
basedon two imagesonly. The new formulation calculates
two closely-symmetric�o w �elds andalsoinpaintstheoptical
�o w in occlusion areas.This formulation improves state-
of-the-art approachesin three ways. First, the image-driven
anisotropicdiffusion �lls-in �o w vectors in occlusionareas
respectingimagestructure(intensitydiscontinuities),therefore
providing plausiblesolutions(unlikeconstant-disparityextrap-
olation). Secondly, the joint formulation permits interaction
betweenoptical �o w and occlusionsduring estimation,thus
allowing mutual corrections(unlike in the caseof three-step
approaches).Thirdly, by disablingthe data-matchingterm in
occlusionareas,the estimationbiasof optical �o w vectorsis
eliminatedsince the systemrelies exclusively on anisotropic
diffusion (in visible areasdata-driven �o w anddiffusionwork
together).

Theproposedalgorithmhasshown signi�cant improvement
over original and edge-preservingoptical �o w formulations
both subjectively and numerically. Moreover, the symmetric
variant of the proposedalgorithm may be interesting for
DWT-basedvideocodingbecauseof theparticularrelationship
betweenthe resulting vector �elds (close mutual inverses)
[26]. We observed that the proposedapproachbrings only
about 40% of additional computationalload to the standard
optical �o w algorithm due to the additional interpolation
operationsstemmingfrom termssuchasevx

� . We alsoobserved
that for larger occlusionareasthe numberof iterationsmust
be increasedso that diffusion can �ll-in the areas using
neighboringvalues.Oneshortcomingof themethodis evident
in highly-texturedimagesbecauseimage-driven�o w diffusion
is inhibiteddueto thehigh local intensitygradient;a common
problemof image-driven regularizers.This problemis being
currentlyaddressed.
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APPENDIX

Let � L = f uL ; vL g, � R = f uR ; vR g be setsof disparity
�eld componentsthat we seekby minimizationsin (8). As-
sumingthat 
 L = 
 R = 
 in all energy terms(5–7),we can
rewrite cost functionalsin (8) as follows:

EL =
Z Z



eL (x )dx ; eL (x ) = eP

L (x ) + � eS
L (x ) + �e O

L (x )

ER =
Z Z



eR (x )dx ; eR (x ) = eP

R (x ) + � eR
S (x ) + �e O

R (x )

where
eP

L (x ) = DL (x )[� LR (x )]2

eP
R (x ) = DR (x )[� R L (x )]2;

eS
L (x ) = Fx (uL ; I L ) + Fx (vL ; I L );

eS
R (x ) = Fx (uR ; I R ) + Fx (vR ; I R );

eO
L (x ) = (1 � DL (x )) ;

eO
R (x ) = (1 � DR (x )) ;

and DL (x )
4
= D(� L (x )) , DR (x )

4
= D(� R (x )) . We will

minimize EL and ER simultaneouslyby assumingthat dL

is constantwhencomputingdR andvice versa.This will lead
to interleaveddescentequations,i.e., oneiterationof dL using
the valuesof dR from previous iterationandvice versa.

Using the calculusof variations,two Euler-Lagrangeequa-
tions (onefor eachunknown in � � ) for eachE � canbe found
in the form of e0

L (! L ) = @eL
@! L

� @
@x

@eL
@! x

L
� @

@y
@eL
@! y

L
= 0 and

e0
R (! R ) = @eR

@! R
� @

@x
@eR
@! x

R
� @

@y
@eR
@! y

R
= 0, wheree0

L (wL ) and
e0

R (wR ) are the �rst variations with respectto ! L 2 � L ,
! R 2 � R , whereas! x

� and! y
� arederivativeswith respectto

x and y, respectively. Expandingeachequationand omitting
derivativesthat areequalto zero(e.g.,@eP

L =@ux
L = 0) we get

two Euler-Lagrangeequationsfor eachE as follows,

@eP
L

@! L
+ �

@eO
L

@! L
� �

�
@

@x
@eS

L

@! x
L

+
@
@y

@eS
L

@! y
L

�
= 0;

@eP
R

@! R
+ �

@eO
R

@! R
� �

�
@

@x
@eS

R

@! x
R

+
@
@y

@eS
R

@! y
R

�
= 0;

(9)

where,again, ! L 2 � L and ! R 2 � R . Partial derivatives
with respectto uL , vL , uR , vR can be computedas follows
(x wasdroppedfor simplicity of notation):

@eP
L

@uL
=

@DL

@uL
(� LR )2 � 2DL eI x

R � LR

@eP
L

@vL
=

@DL

@vL
(� LR )2 � 2DL eI y

R � LR

@eP
R

@uR
=

@DR

@uR
(� R L )2 � 2DR eI x

L � R L

@eP
R

@vR
=

@DR

@vR
(� R L )2 � 2DR eI y

L � R L

@
@x

@eS
L

@ux
L

+
@
@y

@eS
L

@uy
L

=
@(2g(jI x

L j)ux
L )

@x
+

@(2g(jI y
L j)uy

L )
@y

@
@x

@eS
L

@vx
L

+
@
@y

@eS
L

@vy
L

=
@(2g(jI x

L j)vx
L )

@x
+

@(2g(jI y
L j)vy

L )
@y

@
@x

@eS
R

@ux
R

+
@
@y

@eS
R

@uy
R

=
@(2g(jI x

R j)ux
R )

@x
+

@(2g(jI y
R j)uy

R )
@y

@
@x

@eS
R

@vx
R

+
@
@y

@eS
R

@vy
R

=
@(2g(jI x

R j)vx
R )

@x
+

@(2g(jI y
R j)vy

R )
@y

@eO
L

@uL
= �

@DL

@uL
;

@eO
L

@vL
= �

@DL

@vL

@eO
R

@uR
= �

@DR

@uR
;

@eO
R

@vR
= �

@DR

@vR

whereI x
� andI y

� arehorizontalandvertical derivativesof I � ,
while eI x

� and eI y
� arederivativesevaluatedoff x , e.g., eI x

L (x ) =
I x

L (x + dR (x )) . Furthermore,we have:

@DL

@uL
= � 2K

(1 + eux
R )� L;u + evx

R � L;v

(1 + K (� L;u )2 + K (� L;v )2)2 ;

@DL

@vL
= � 2K

euy
R � L;u + (1 + evy

R )� L;v

(1 + K (� L;u )2 + K (� L;v )2)2 ;

@DR

@uR
= � 2K

(1 + eux
L )� R ;u + evx

L � R ;v

(1 + K (� R ;u )2 + K (� R ;v )2)2 ;

@DR

@vR
= � 2K

euy
L � R ;u + (1 + evy

L )� R ;v

(1 + K (� R ;u )2 + K (� R ;v )2)2 ;
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where
� L;u (x ) = uL (x ) + uR (x + dL (x )) ;

� L;v (x ) = vL (x ) + vR (x + dL (x )) ;

� R ;u (x ) = uR (x ) + uL (x + dR (x )) ;

� R ;v (x ) = vR (x ) + vL (x + dR (x )) ;

are individual componentsof disparityerrors(4) and eux
� , evx

� ,
euy

� , evy
� are again derivatives evaluatedoff x , e.g., eux

L (x ) =
ux

L (x + dR (x )) . Using an auxiliary time variablet, equations
in (9) canbesolvedby discretizinggradientdescentequations
@! L =@t = � e0

L (! ), @! R =@t = � e0
R (! ), wL 2 � L andwR 2

� R .
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