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Abstract—Segmentationof motion in an image sequenceis one
of the mostchallengingproblemsin imageprocessing,while at the
sametime onethat �nds numerousapplications. To date,a wealth
of approachesto motion segmentationhave beenproposed.Many
of them suffer fr om the local nature of the modelsused. Global
models,such as thosebasedon Mark ov random �elds, perform,
in general, better. In this paper, we proposea new approach to
motion segmentationthat is basedon a global model. The nov-
elty of the approach is twofold. First, inspired by recentwork of
other researchersweformulate the problemasthat of regioncom-
petition, but we solve it using the level setmethodology. The key
featuresof a level set representation,as compared to activecon-
tours, often usedin this context,are its ability to handlevariations
in the topologyof the segmentationand its numerical stability. The
secondnovelty of the paper is the formulation in which, unlik e in
many other motion segmentationalgorithms, we do not useinten-
sity boundariesasan accessory;the segmentationis purely based
on motion. This permits accurate estimation of motion bound-
aries of an object even when its intensity boundaries are hardly
visible. Sinceoccasionallyintensity boundariesmay prove bene�-
cial, we extend the formulation to account for the coincidenceof
motion and intensity boundaries. In addition, we generalizethe
approachto multiple motions. We discusspossiblediscretizations
of the evolution (PDE) equationsand we give details of an initial-
ization schemeso that the resultscould be duplicated. We show
numerousexperimental resultsfor various formulations on natu-
ral imageswith either syntheticor natural motion.

Index Terms—Motion segmentation, motion estimation, level
sets,activecontours

I . INTRODUCTION

SE gmentationof an imagesequenceinto moving regions
belongsto the most dif�cult and important problemsin

video processing(object-basedframeconversionanddeinter-
lacing,object-basedvideodatabasequerying),videocompres-
sion(MPEG-4)andcomputervision (sceneanalysis,structure
from motion). The problemis notoriouslydif�cult as it is an
inverseproblemand,furthermore,ill-posed.

A varietyof approacheshavebeendevelopedto dateto solve
the problemof spatialsegmentation1 (into 2-D regions)of an
imagesequence.Somemethodsuseintensityas the primary
cue for segmentationand adoptmotion only as an accessory
during region merging or splitting, e.g., [1], [2], [3]. We be-
lieve themotion itself is rich enoughto warrantprecisespatial
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1Weunderlinethefactthatthesegmentationis spatialsincetheterm“image
sequencesegmentation”is oftenunderstoodasscenecutdetection,i.e., tempo-
ral segmentation.

segmentationandthereforeweconcentratein thispaperonseg-
mentingmotion itself usingintensityonly asa possibleacces-
sory.

Thesimplestcaseof motionsegmentationis thatof motion
detection[4]. Sinceimageareasneedtobelabeledonlyasmov-
ing or stationary, this is the caseof two-motionsegmentation.
For a review of motiondetectionmethodsthereaderis referred
to theliterature,e.g.,[5]. In theremainderof thepaperwe will
concentrateon themoregeneralcaseof multiplemotions.

In video compression,where the overall transmissionrate
is the dominatingfactor, the subjective quality of a segmen-
tationplaysa minor role. For example,a segmentationmethod
basedon entropy constraint [6] performs well in compres-
sion, but the resulting segmentationsare suboptimalsubjec-
tively. The recentintroductionof MPEG-4changesthat since
subjectively-informative segmentationsareneededin order to
supportobject-basedfunctionalitiesat the decoder. The ap-
proachproposedherecanprovidesuchsegmentations.

In non-compressionapplications,methodsproposedto date
vary from simplethresholdingto sophisticatedmixture model
analysis.A simplemethodbasedonthresholdingof themotion-
compensatedprediction error has beenshown to work rela-
tively well on translationalsyntheticmotion but to be much
lessreliableon non-translationalsyntheticmotion [7]. This is
not surprisingsincethemethodreally segmentstheprediction
error and moreover usesno spatialsegmentationmodel. An
importantclassconstitutemethodsthatestimatedensemotion
�elds andhypothesizemotion boundariesat imagepointsthat
have large motion gradient. Therefore,an imprecisemotion
estimate,suchasonedueto excessive smoothing,is likely to
yield a poormotionsegmentation.This problemcanbesome-
what alleviated either by making explicit the dependenceof
motionboundariesonintensityboundariesor by adoptingedge-
preservingpriors[8], leadingto anisotropicdiffusionequations.

The above methodssuffer from the lack of an explicit seg-
mentationmodel. Sucha model is possible(and natural) in
theframework of Markov random�elds (MRFs)via theinclu-
sionof aprior probabilitydistribution(prior knowledge).Early
MRF-basedmethodshave considereda planarscenecomposi-
tion only [9], [10], while moresophisticatedmodelswerepro-
posedlater[11], [12]. Thesemethodshave modeledtheimage
partitionsimplicitly viaacoupledbinaryMRF (lineprocess)re-
sulting in segmentationboundariesthatneednot beconnected
nor closed. To dealwith this, an explicit MRF modelof the
�eld of segmentationlabelswas proposed[13]. In the same
work, aninterestingnew prior wasdevelopedthatmeasuresthe
mismatchbetweenlocal andglobal motion measurements;its
minimizationin theMAP context assuresa consistency among
localmotionestimates.

The formalismof a MRF formulationof motion segmenta-



2 IEEETRANSACTIONSON IMAGEPROCESSING,VOL. 12,NO. 2, FEB.2003

tion is oftenavoidedby posingtheproblemdirectly in theen-
ergy minimizationframework. An interestingapproachbased
onenergy minimizationwith respectto featurevectors(includ-
ing segmentationlabels)andneuralnetwork classi�cationwas
proposedin [14]. In contrast,theenergy minimizationmethod
developedin [15] usesactive contoursto describeregionsand
amultiresolutionimplementationto �nd thesolution.

Althougha typical imagesequencethat undergoessegmen-
tationconsistsof severaldistinctmotionsoriginatingfrom the
scenebeingcaptured,nomethodlistedabove attemptedto �nd
out explicitly the numberof motion classesand their charac-
teristics. Somerecentmethodshave addressedthis issue.For
example,in [16] themotionclassesareestimatedby K -means
clusteringwhile the imagepartitioning is achieved by a sim-
ple point-wisehypothesistesting. In [17], mixturemodelsare
usedto describethemultiple motionspresent,anda minimum
descriptionlength formulation is usedfor determiningmodel
complexity. Theprior modelfor segmentationlabelsis simple
andincludesonly zero-orderstatistics,but thedemonstratedre-
sultsareimpressive.

In this paper, we considerthe problemof segmentingmo-
tion regionsusinglevel setsof functionsevolving accordingto
certainpartial differential equations. Level sets,a numerical
analysistool that originatedin physicsfor the computationof
propagatinginterfaces[18], have beenvery recentlyappliedto
imagesegmentation[19], [20], [21] wherethey replaceactive
contoursasthedescriptorsof segmentboundaries.Thekey fea-
turesof a level set representation,ascomparedto active con-
toursare: the ability to handlevariationsin the topologyof a
segmentation,thenumericalstabilityandtheexplicit de�nition
of pixel memberships(a region is representedby thesupportof
thepositivepartof a level setfunction).

Level setshave alsobeenusedin thecontext of motion. Re-
cently, a schemefor detectingmoving objectsbasedon level
setshasbeenproposed[22], [23], however its outcomeis not a
segmentationbasedon motion type,but rathera segmentation
into moving and stationaryregions. The segmentationprob-
lem solved is thusessentiallybinary, andno generalizationto
segmentationbasedonmultiplemotiontypesis suggested.Fur-
thermore,an importantfeatureof this approachis thatmotion
boundariesandintensityboundarieshave beenexplicitly com-
binedin the segmentationalgorithm,thusrequiringstrongin-
tensityedgesatmotiondiscontinuities.Theproblemwith com-
bining thesetwo is that one cannotdetermineto what extent
the �nal segmentationis motion-basedor intensity-based.An
approachto multiple-region imagesegmentationusing a sys-
temof coupledcurve or level setevolution equationshasbeen
proposedin [24], [25], [26], wherethe desiredsegmentation
is de�ned astheonethatyields themaximalseparationof the
valuesof somestatistic(e.g.,luminance/chrominancemeanor
variance)overeachregion. Similarwork hasalsobedonevery
recentlyin thecontext of imagesegmentationbasedonintensity
[27]. Level setshave alsobeenrecentlyappliedto theproblem
of trackingregionsin an imagesequence.Here,theboundary
of theregionsto betracked is representedasthezerolevel set
of a function,while thesolutionis formalizedasthesolutionto
acertainpartialdifferentialequation[28], [29], [30].

Unlike in [22], [23], we develop here an approachto

multiple-motionsegmentationusinga systemof coupledlevel
setpartial differentialequations.The developmentspresented
heredetailandextendthepreliminaryresultsthatwe hadpub-
lishedearlier [31], [32]. The approachis novel in two ways.
First, inspiredby recentwork of otherresearchers[33] we for-
mulatetheproblemasthatof region competition,but we solve
it usinglevel setevolution equations.This will yield anevolu-
tion equationfor thesimplestcaseof two motionregionswhich
canbeeasilygeneralizedto asystemof evolutionequationsfor
segmentationinto multiplemotionregions.In sharpcontrastto
thegeneralizationproposedin [24], [25], [26], however, we do
not requirethat thedimensionof thevectorof imagestatistics
grow linearlywith thenumberof regionsin thesegmentation.

The secondnovelty is the formulation in which, unlike in
many othermotion segmentationalgorithms(e.g.,[22], [23]),
we do not useintensity boundariesas an accessory;the seg-
mentationis purely basedon motion. This permitsaccurate
estimationof motion boundariesof an object even when its
intensityboundariesarehardly visible. However, sinceocca-
sionally intensityboundariesmay prove bene�cial, we extend
the formulationto accountfor the coincidenceof motion and
intensity boundaries,but the additionalterm is optional. We
furthergeneralizetheapproachto multiple motions,solving it
with multiple level set functions. To facilitate duplicationof
the resultswe discusspossiblediscretizationsof theevolution
(PDE)equationsandwegivedetailsof aninitializationscheme.

The paperis organizedasfollows. In SectionII a formula-
tion of two-motionsegmentationvia regioncompetitionis pro-
posed.In SectionIII a level setrepresentationfor thesegmen-
tationproblemis developed.Then,in SectionIV theformula-
tion is generalizedto the caseof multiple motions. SectionV
describesan initialization algorithm. The paperendswith ex-
perimentalresultsin SectionVI followedby conclusions.

I I . MOTION SEGMENTATION VIA REGION COMPETITION

Let f I n ; I n +1 g be imagesat time instantstn andtn +1 . Let
thedomainof imageI n be
 . Thegoalof motionsegmentation
is to �nd apartitioningof thedomain
 , denotedf 
 i gN

i =1 , such
thateachregion
 i is characterizedby adistinctmotion.Weas-
sumefor simplicity that the imagefunctionsarescalar-valued;
extensionto vector-valuedimagesis immediate.

Let f T i gN
i =1 bea family of (one-to-one)motiontransforma-

tions: T i describesthe motion of region 
 i . We assumethe
family f T i (
 i )gN

i =1 is a partition of the imagedomain
 as
well. Clearly, this is a simplifying assumptionwhich doesnot
accountfor occlusions;nevertheless,it is a reasonableassump-
tion which will make the problemtractable. In the simplest
non-trivial caseN equals2, denotingtwo distinct motion re-
gions(e.g.,moving objectona,possiblymoving, background).
We assumethat transformationsT i are parametric,such as
thoseexpressedby thetranslational,af�ne, projective linearor
quadraticmodels.In latersections,we will assumethattheT i

areaf�ne transformationsbut during problemformulationwe
will stayfreeof aspeci�c model.

Basedon theassumptionof constantintensityalongmotion
trajectories,we canrelateimagesI n andI n +1 via themotion
transformationsasfollows:

I n (x ) = I n +1 (T i x ) + � i (x ); 8x 2 
 i ; 8i 2 f 1; : : : ; N g; (1)
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where the � i are assumedto be independentzero-meansta-
tionaryGaussianwhite noiseprocessesaccountingfor camera
noise.We alsoassumethat for all i , the� i have thesamevari-
ance. Clearly, this term doesnot accountfor sucheffects as
occlusionsor illuminationchange.To simplify thenotation,we
de�ne themotion-compensatedintensityresidual� :

� (T ; x ) = I n +1 (T x ) � I n (x ): (2)

Sinceboth f 
 i gN
i =1 andf T i (
 i )gN

i =1 areassumedto be par-
titions of the imagedomain
 , we canexpressthe likelihood
P[I n +1=I n ; f 
 i gN

i =1 ; f T i gN
i =1 ] asfollows:

P[I n +1 =I n ; f 
 i gN
i =1 ; f T i gN

i =1 ] =
NY

i =1

Y

x 2 
 i

N i (� (T i ; x )) ; (3)

whereN i is thedensityfunctionof � i , andtheaboveproductis
aproductover all imagepoints.

At this point,we considerthesimplercasecorrespondingto
N =2 (objectandbackground).Treatingthis simplecase�rst
will allow usto easilyderive theevolution equationsfor N =2,
andtheseequationswill lendthemselvesto immediategeneral-
izationto largerN , aswill bemadeclearin SectionIV.

A. Segmentationindependentof intensityboundaries

We formulatetheproblemof motionsegmentationasregion
competition[33]. In this formulation, for N =2, the shortest
closedplanarcurve is soughtthat “best” separatestwo motion
regions from eachother. Let 
 o be the domainof the mov-
ing object, and let its complement
 b = 
 c

o denotethe do-
main of the background.Clearly, 
 o [ 
 b = 
 . Let T o be
the motion transformationassociatedwith 
 o, andT b that of

 b. Assumetheboundary@
 o of 
 o is asmoothclosedplanar
curve. Computingthe segmentationof the imagedomaininto
the two disjoint regions
 o and
 b is equivalentto computing
theboundary@
 o.

Let ~
 be a closedplanarcurve, orientedcounterclockwise,
that we useas an estimatorof @
 o. Our goal is to �nd the
optimalcurve~
 andtheassociatedmotiontransformationsT o

andT b given the imagesI n andI n +1 . By optimal we mean
f ~
 ; T o; T bg thatjointly maximizethea posterioriprobability

P[~
 ; T o;T b=f I n ; I n +1 g] =

P[I n +1 =I n ;~
 ; T o; T b]P [~
 ; T o; T b=I n ]
P [I n +1 =I n ]

:
(4)

The �rst factorof the numeratoris the likelihood(3) derived
from the constantintensityassumptionfor N =2. The second
factoris thea priori probabilityof f ~
 ; T o; T bg givenI n . Since
ourprimarygoalin thispaperis to verify if reliablemotionseg-
mentationcanbeachievedwithout relianceon intensitybound-
aries,we do not exploit this dependency for now andwe write
P[~
 ; T o; T b=I n ] = P[~
 ; T o; T b], implicitly assumingthe in-
dependenceof f ~
 ; T o; T bg andI n . Furthermore,we assume
independenceof ~
 , T o andT b, anduniform distributionsfor
T o and T b. Therefore,we can write P[~
 ; T o; T b] / P [~
 ].
Sincewe wish to favor shortercurves over longer ones,we
choosetheprior P[~
 ] to bea functionof thelengthof ~
 .

Thea posterioriprobabilityin (4) thenleadsto thefollowing
continuousenergy functionalto minimize:

E [~
 ; T o; T b=f I n ; I n +1 g] =
Z

R~


� 2(T o; x )dx +
Z

R c
~


� 2(T b; x )dx + � L

Z

[0;1]
k _~
 kds;

(5)

whereR~
 , theregionenclosedby~
 , is theestimateof themov-
ing object(
 o), while its complementRc

~
 is theestimateof the
background(
 b). In thelastintegralabove,expressingtheprior
onthelengthof ~
 , wehaveparameterized~
 by s 2 [0; 1]. Also,
notethatthevarianceof thenoiseprocesshasbeenabsorbedin
� L .

Since minimizing the energy functional (5) jointly for ~
 ,
T o and T b is complicated,this problemcan be decomposed
into two interleaved minimizations akin to the expectation-
maximization(EM) algorithm,assuggestedin [33].

First,givenaninitial segmentationb
 onecansolve:

min
f T o ;T b g

Z

R b


� 2(T o; x )dx +
Z

R c
b


� 2(T b; x )dx : (6)

Notethatfor agivenb
 thelasttermin (5) is justaconstantand
thereforecanbe removed from the minimization. The above
minimizationcanbesolvedeasilyasit is a variantof thestan-
dardleast-squaresproblem;T o andT b canbecomputedwithin
their respective domainsRb
 andRc

b
 .

Then,having computedtheestimatesbT o and bT b, oneneeds
to solve:

min
~


Z

R~


� 2( bT o; x )dx +
Z

R c
~


� 2( bT b; x )dx

+ � L

Z

[0;1]
k _~
 kds:

(7)

Performingthis minimizationcorrespondsto �nding theshort-
estclosedcurve~
 thatbestseparatesamoving regionwith mo-
tion transformationbT o from anotherregion with motiontrans-
formationbT b. TheEuler-Lagrangedescentequationsminimiz-
ing (7) areobtainedby embedding~
 in aone-parameterfamily
f ~
 (:; t)gt � 0 of planecurvesconstructedby solvingthefollow-
ing evolution equation[33] (with thedependenceon t omitted
for simplicity of notation):

d~
 (s)
dt

= �
�

� 2( bT o;~
 (s)) � � 2( bT b;~
 (s)) + � L � 
 (s)
�

~n(s) (8)

where~n(s) is theunit normalto ~
 ats pointingoutwardof R~
 ,
and� 
 (s) is thecurvaturefunctionof ~
 de�ned asfollows:

� 
 (s) =
_x •y � •x _y

( _x2 + _y2)3=2
; (9)

where_x; _y; •x; •y arethe�rst- andsecond-orderderivativesof the
x andy componentsof ~
 with respectto s, respectively.

Theevolution of ~
 canbe interpretedasfollows. Assuming
the curvatureto be zero, a boundarypoint ~
 (sk ) undergoing
motion bT o will inducea velocity d~
 (sk )

dt in thedirectionof the
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normal ~n; the curve ~
 will grow englobingthe point ~
 (sk ).
Conversely, if ~
 (sk ) is apointwith motion bT b, then d~
 (sk )

dt will
be in thedirectionoppositeto thenormal~n and~
 will shrink,
relinquishingthepoint~
 (sk ). Thecurvatureterm,on theother
hand,will tendto straightenoutthecurve;convexities(� 
 > 0)
will bepulledin, while concavities(� 
 < 0) will bepushedout.

Having computedb
 , onecannow returnto minimization(6)
andsoon. By iteratingbetweenminimizations(6) and(7) one
(hopefully)arrivesata localminimumof theenergy (5) atcon-
vergence.

Sincetheminimization(6) is a standardleast-squaresprob-
lem, in the restof thepaperwe concentrateon theproblemof
estimating~
 (7). Moreover, our experienceindicatesthat the
initial estimatesbT o and bT b canbeoftenreliably computedin-
dependentlyof any motionsegmentationandtheirre-estimation
maynotberequired,aswill bediscussedin SectionV.

B. Segmentationaccountingfor intensityboundaries

In someapplications,thecorrelationbetweenmotionbound-
ariesandintensityboundariesmay be very strongandshould
be exploited. In otherwords, f ~
 ; T o; T bg cannotbe deemed
independentof I n anymoreand the original prior probability
P[~
 ; T o; T b=I n ] shouldbe used. Again, assumingindepen-
denceof ~
 , T o andT b conditionedon I n , anduniform distri-
butionsfor T o andT b givenI n , theprior becomesproportional
to P[~
 =I n ]. By requiringthat the prior model for ~
 seekthe
shortestcurve that aligns itself with intensityboundaries,one
possibleenergy functionalis thefollowing:

E [~
 ;T o; T b=f I n ; I n +1 g] =
Z

R~


� 2(T o; x )dx +
Z

R c
~


� 2(T b; x )dx

+ � L

Z

[0;1]
k _~
 kds � � I

Z

[0;1]
k~r I n (~
 )kk _~
 kds:

(10)

The last term forcesthe alignmentof curve ~
 with intensity
boundariessincethe norm of the intensitygradientalong~
 is
thenmaximized(“–” sign).

The minimizationof the new energy functional(10) canbe
againachievediteratively. While theminimizationwith respect
to T o and T b (6) remainsunchangedsincethe new term in
(10) is independentof them,theminimizationwith respectto ~

involvesthisnew term,namely

E I [~
 =I n ] = � � I

Z

[0;1]
k~r I n (~
 )kk _~
 kds:

The evolution equationyielding a minimum of the new func-
tional (10) differs from the the evolution equationin (8) only
dueto the new term E I [~
 =I n ]. This differencecanbe easily
computedby minimizing thefunctionalE I [~
 =I n ] which,bear-
ing in mind that�o ws alongthetangentto a curve changeonly
its parameterizationandnot its geometryandhencecanbedis-
carded,yieldstheevolutionequation

d~
 (s)
dt

= � I

� �
(H I

~r I n

k~r I n k
) � ~n(s)

�
~n(s)

+ � 
 (s)k~r I n k~n(s)
�

;

whereH I is the Hessianof the imagefunction I n , and “ �”
denotestheEuclideanscalarproduct.Thus,thecompleteevo-
lution equationleadingto a minimumof the functional(10) is
givenby

d~
 (s)
dt

= �
�

� 2( bT o;~
 (s)) � � 2( bT b;~
 (s)) + � L � 
 (s)

� � I (H I

~r I n

k~r I n k
) � ~n(s) � � I � 
 (s)k~r I n k

�
~n(s):

(11)

Furtherpriors on ~
 canbe includedaswell, constrainingthe
shapeof regionsfoundin thesegmentationprocessevenmore.

I I I . LEVEL-SET REPRESENTATION

Equations(8) and (11) are usually solved numerically by
discretizationof the interval [0; 1] on which ~
 is de�ned, thus
leadingto a representationof ~
 in termsof a �nite numberof
pointsor nodes. We choose,however, to representthe curve
~
 implicitly by the zero level setof a function u : R2 ! R.
Thenumerousadvantagesof suchanimplicit representationare
well-known in theliterature[18], themostimportanttwo being
numericalstabilityandtopologyindependence.Indeed,thedis-
cretizationof acurveusinga�x ednumberof nodesleadsto po-
tentially largeapproximationerrors,especiallyin thecomputa-
tion of derivativesof highorder(suchasin curvature),depend-
ing on theevolution of thecurve. Suchdiscretizationproblems
do not occurwith level setssinceeachlevel setfunctionis de-
�ned overadiscretegrid with uniformspacing,andspatialand
temporalderivatives are computedusing �nite differenceap-
proximations.Also, asis well known, aclosedsimple(i.e.,non
self-intersecting)curve divides the plane into two connected
components,oneboundedandtheotherunbounded.A contour
evolution equationdoesnot allow for curve splitting andcurve
merging. Thus,duringcurveevolution,therewill alwaysbeone
“inside” andone“outside”. On theotherhand,curvesimplic-
itly de�nedusinglevel setscansplit andmerge,freelychanging
topologyduringtheir evolution. In our context, thatof motion
segmentation,however, thereis oneessentialadditionaladvan-
tagein usingthe level setrepresentation,which is that region
information(pixel membership)is explicitly maintained.This
follows from thefactthata region is representedby thesupport
of thepositive partof the level setfunction, its boundary– by
thezerolevelof thatfunction,andtheinteriorof its complement
– by the supportof the negative part. Suchinformation,cru-
cial in any segmentationprocess,is not explicitly availablein
a contour-basedrepresentationof regions,thusrequiringaddi-
tional computationsimpactingimplementationcomplexity and
executiontime. It is theavailability of suchregion information
thatwill allow usto easilygeneralizeour equationsto thecase
of multiplemotions(N > 2), aswill beseenin SectionIV.

To the evolution equationof ~
 , suchasin (8) or (11), there
correspondsanevolutionequationof u. Thisis shown schemat-
ically in Fig. 1 (for the caseof two curves~
 1, ~
 2) wherean
expansion/contractionof the curve ~
 becomesimplicit in the
evolution of the surfaceu (akin to a mountainemerging from
or submerging into the ocean). We thus view u as a map
u : R3 ! R, thenew variablebeingtime t, andwe construct
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g

g
1

2

Fig. 1. Equivalencebetweentheevolutionof curves~
 1 ; ~
 2 andtheevolutionof surfacesu1 ; u2 .

the partial differentialequationthat u hasto satisfyso that its
zerolevel setsatis�estheevolution equationof ~
 . To achieve
suchcorrespondence,u mustsatisfytwo conditions:

1) The curve ~
 must be a level set (iso-level contour)of
u, meaningthat the value of u(x ; t) at x 2 ~
 ([0; 1])
must be constant along ~
 , that is u(~
 (s; t); t) =
u(~
 (s0; t); t); 8s; s0; t. The necessarycondition for this
equalityto hold is givenby:

du(~
 (s; t); t)
ds

=
@u
@x

@x
@s

+
@u
@y

@y
@s

= 0: (12)

2) The level set must be “locked” to the curve ~
 when u
evolves in time, meaningthat the value of u(x ; t) at
x = ~
 (s) cannotchangeover time,thatis u(~
 (s; t); t) =
u(~
 (s; t0); t0); 8s; t; t0. The necessarycondition for this
equalityto hold is thengivenby:

du(~
 (s; t); t)
dt

=
@u
@x

@x
@t

+
@u
@y

@y
@t

+
@u
@t

= 0: (13)

Basedon thetwo conditionsabove, it canbeshown that if the
evolutionof ~
 is describedby thefollowing equation

d~
 (s; t)
dt

= F (~
 (s; t))~n(s; t); (14)

whereF is a function de�ned on R2, thenthe evolution of u
canbedescribedasfollows:

@u(x ; t)
@t

= F (x )k~r u(x ; t)k: (15)

As a result, the solution curve to our original segmentation
problemwill begivenby thezerolevel setof thefunctionu(�; t)
ast ! 1 . To simplify notation,thedependenceof u on t will
behenceforthassumedbut notexplicitly maintained.

In thecaseof motionsegmentationindependentof intensity
boundaries(SectionII-A), the evolution equationfor u corre-
spondingto equation(8) becomes:

@u(x )
@t

= �
�

� 2( bT o; x ) � � 2( bT b; x ) + � L � u (x )
�

k~r uk; (16)

where� u is thecurvatureof thelevel setof u andis givenby

� u = � ~r � (
~r u

k~r uk
): (17)

Thebehavior of u is explicitly statedin theabove equation.
The curvatureon the right handsideof the equationabove is
a diffusion term alongthe level setsof u that tendsto locally
straightenout thelevel sets,andglobally to reducetheir length.
Neglectingthecurvaturecontribution,weseethatfor x , apoint
with motion bT o, @u

@t (x ) will bepositive andu(x ) will grow as
t ! 1 , eventuallyassigningx to f u > 0g = R~
 . If on the
otherhandx is apointwith motion bT b, thenu(x ) will decrease
ast ! 1 , eventuallyassigningx to f u < 0g = Rc

~
 .
The level setequationcorrespondingto the curve evolution

equation(11) for motionsegmentationaccountingfor intensity
boundaries(SectionII-B) is givenby:

@u(x )
@t

= �
�

� 2( bT o; x ) � � 2( bT b; x ) + � L � u (x )

� � I � u (x )k~r I n k
�

k~r uk � � I ~r u
T

H I

~r I n

k~r I n k
:

(18)

Thelasttermontheright handsideabovefollowsdirectly from
theequality~r u = �k ~r uk~n.

Thesolutionof theevolutionequations(16)and(18)will be
determinedonceinitial conditionsaregiven, that is, oncewe
specifya functionu0 suchthatu(x ; 0) = u0(x ); 8x 2 
 . The
speci�cationof appropriateinitial conditionswill bediscussed
in SectionV.

In what follows, we will considervariousextensionsof the
evolution equation(16) correspondingto motionsegmentation
independentof intensityboundaries.Thecorrespondingexten-
sionsfor thesegmentationaccountingfor intensityboundaries
can be trivially expressedby addition of the last term in the
right-handsideof equation(18).

IV. EXTENSION TO MULTIPLE MOTIONS

Theextensionof thealgorithmto thecaseof multiple mov-
ing regions (N > 2) can be achieved without going back to
the original formulation in terms of active contoursand by
consideringonly the�nal level setevolution equationsderived
above in thecaseof two-motionregions. Themaindifference
is that,contraryto thetwo-motioncasewhereasinglefunction
u could representtwo distinct motion regions (the objectbe-
ing representedby thesupportof thepositive partof u, andthe
background– by thesupportof thenegative part),thestraight-
forwardextensionto multiple-motionsegmentationrequiresas
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many level set functions u as there are motion regions (see
Fig. 1 for the caseof two functionsu). Eachmotion region
will thenbe representedby the supportof the positive part of
its correspondinglevel set function. The resultingevolution
equationswill consistof asystemof coupledpartialdifferential
equations.Thecouplingwill naturallyfollow from thefactthat
thevariouslevel setfunctionswill competeagainsteachother
to claim their respective regions.

Considerthefamily f ui : R3 ! RgN
i =1 of functions,where

thesupportof thepositive partof ui representsthe i th motion
region. The initial condition for the evolution equationof ui

representstheinitial estimateof thei -th motionregion. Gener-
ally isolatedfrom oneanotherat initialization, the boundaries
of theseinitial regionsshouldbe encouragedto grow so asto
englobeasmany pointsaspossiblethatcanbeexplainedby the
samemotion transformation.We canconsiderthe transforma-
tion bT to explain themotionof pointx if theresidual� 2( bT ; x )
is lessthansomeconstant.Thisconstantis adecisionthreshold
whichdepends,amongotherthings,ontheobservationnoisein
both images,aswell astheaccuracy with which bT modelsthe
observedmotion.

Following (16), theevolutionequationfor theui shouldthen
initially be

@ui (x )
@t

= �
h
(� 2( bT i ; x ) � C) + � L � u i (x )

i
k~r ui k:

Neglectingthe curvatureterm, we seethat ui will increaseor
decreasedependingon whether� 2( bT i ; x ) is smaller than or
largerthanC.

Eventually, the supportsof the positive partsof the various
functionsui will grow andmayoverlap.If atsomeimagepoint
x thereareexactly two distinctindicesi andk for whichui (x )
anduk (x ) arebothpositive, thatis, x is claimedby bothtrans-
formationsbT i andbT k , thenclearlyx shouldbeassignedto the
transformationwhich bestexplainsits motion, that is, the one
with smallerresidual� 2. In thiscase,theevolutionof ui should
bedictatedby thefollowing partialdifferentialequation:

@ui (x )
@t

= �
h
(� 2( bT i ; x ) � � 2( bT k ; x )) + � L � u i (x )

i
k~r ui k:

If, in additionto ui , two or moremotion regionscompetefor
thesamepointx , ui shouldclaimx only if bT i hasthesmallest
residualamongall the competingtransformationsbT k , that is,
byconsideringthedifference� 2( bT i ; x )� � 2( bT k ; x ) for all k for
whichuk (x ) > 0. Theevolutionof ui shouldthenbegoverned
by theequation

@ui (x )
@t

= �
� �

� 2( bT i ; x ) � min
k6= i;u k (x )> 0

f � 2( bT k ; x )g
�

+ � L � u i (x )
�

k~r ui k:

In this equation,the min operatorselectsthe transformation,
otherthanbT i , whichbestexplainsthemotionof x amongthose
that “claim” x , i.e., thosefor which thecorrespondingu func-
tion is positive.

All of theabove casescanbesummarizedin onesingleevo-

lution equation,givenby

@ui (x )
@t

= �
�

max
�

[� 2( bT i ; x )�

min
k6= i;u k (x )> 0

� 2( bT k ; x )]; [� 2( bT i ; x ) � C]
	

+ � L � u i (x )
�

k~r ui k:

(19)

Here, the min is de�ned to be C whenever thereis no index
k 6= i for whichuk (x ) > 0.

The interpretationof the evolution equation(19) is as fol-
lows. Assumethereis (at least)oneindex k otherthani such
that at x , uk (x ) > 0. In otherwords, (at least)onemotion
modelbesidesbT i “claims” the point x . We distinguisha few
casesnow. First,in casebT i is thetransformationwhichbestex-
plainsthemotionof x amongtheseothermotionmodeltrans-
formationsbT k , its motionresidual� 2( bT i ; x ) is lessthanthatof
the bT k , andhenceis alsolessthanmink6= i;u k (x )> 0 � 2( bT k ; x ).
Therearetwo possibilitiesnow. In case� 2( bT i ; x ) is alsoless
thanthethresholdC, themax operatorreturnsanegativevalue,
and, disregarding the effect of the curvatureterm, this tends
to make @u i

@t larger, possiblymakingui positive at x . In case
� 2( bT i ; x ) is largerthanC however, wearein asituationwhere
motion model bT i bestexplains the motion of point x among
the othercompetingmotion models,but still doesnot explain
it well enough. In this case,the max operatorreturnsa posi-
tivevalue,whichtendsto make @u i

@t smaller, possiblycontribut-
ing to makingui negative. Now, in casebT i doesnot bestex-
plain the motion of x amongthe othermotion modelswhich
claim x , thenits motionresidual� 2( bT i ; x ) thereis larger than
mink6= i;u k (x )> 0 � 2( bT k ; x ) andhencethemax operatorwill re-
turn a positive value,makingui eventuallynegative. Finally,
if thereis no index k other than i for which uk (x ) > 0, the
max operatorwill return the value (� 2( bT i ; x ) � C). ui will
thenbeencouragedto grow if � 2( bT i ; x ) is lessthanC andwill
be encouragedto shrink otherwise. Note that a large C will
encourageall motionregionsto grow andwill bring theminto
competitionwith eachother. If C is chosentoosmall,thismay
never happen.

It is important to note that the systemof evolution equa-
tions thusobtaineddoesnot necessarilyleadto the maximum
a posteriori probability estimateof the motion segmentation.
Indeed,theseevolution equationswereobtainedby generaliz-
ing the N =2 case,yet the generalizationwas donein sucha
way asto locally reduceto theevolution equationsfor N =2 in
someparticularsituations.Thus,thesolutionof our proposed
evolutionequationsshouldyield areasonableapproximationto
the original Bayesianestimationproblem,sinceit reducesto
Bayesianestimationin the two-motioncaseevery time all but
two of thelevel setfunctionsareheld�x ed.

Theformulation(19) is extremelysimplein thelevel setrep-
resentationandwouldhavebeenfarfrom trivial hadactivecon-
toursbeenusedinstead.As mentionedpreviously (SectionIII),
this is dueto thefactthatin thelevel setrepresentation,eachre-
gionis explicitly represented,andasaresult,pixel membership
in a region is easilyestablished.
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It is also importantto note that the regionsobtainedat the
steadystateof thesepartialdifferentialequationsmaynot form
a partitionof theimagedomain;ambiguitiesmaypersist,such
asa point simultaneouslybelongingto two or moremotionre-
gions.Conversely, pointsof theimagedomainmaynot bepart
of any region. The former caseoccurswhenever distinct mo-
tion transformationsexplainequallywell themotionof apoint,
while the latter occurswhenever regions in the imageareoc-
cludedasa resultof motion,andhence,no motioncanexplain
their transformation.

It is clearlypossibleto avert thesescenariosby considering
only N -1 functionsui (theN th regionbeingimplicitly de�ned
asthecomplementof theunionof theremainingN -1 regions)
andby further couplingthemso asto penalizeany overlapof
thesupportsof their positive part. A systemof evolution equa-
tionsfor f ui g

N � 1
i =1 implementingthisconstraintis givenby

@ui (x )
@t

= �
�

[� 2( bT i ; x ) � min
k6= i;u k (x )> 0

� 2( bT k ; x )]

+ � L � u i (x ) + � P
�

1 �
Y

j 6= i

� f u j < 0g(x )
	 �

k~r ui k;

wheremink6= i;u k (x )> 0 � 2( bT k ; x ) is de�ned to be � 2( bT N ; x )
whenever thereis no index k 6= i for which uk (x ) > 0. In
this equation,� A denotesthe indicator function of the setA,
that is, � A (x ) = 1 for x 2 A andis 0 otherwise.Theproduct
of all theindicatorfunctionswill be0 if at leastoneof themis
0, that is, if at leastoneotherregion overlapswith the i th re-
gion. In this case,thepartialderivative @u i

@t is furtherreduced,
thusrestrictingthegrowth of ui . If, on theotherhand,all the
indicatorfunctionsin theproductare1, thenthepartitioncon-
straintdisappearsandthe evolution equationbecomesequiva-
lent to theoneprecedingit. Onceagain, sucha constraintcan
be naturallyincorporatedowing to the level setrepresentation
of theregions.

Note that the additionof this constraintstill doesnot guar-
anteethat the �nal segmentationwill bea partitionalthoughit
encouragessuchan outcome.Indeed,the otherforcesdriving
the evolution of the ui (namelyresidualdifferenceandcurva-
ture) canpossiblyundothe partition constraint.Although we
have detailedthepartitionconstraintto illustratetheeasewith
which the level setequations(19) canbe modi�ed to accom-
modatevariousconstraints,we believe it is usefulto allow the
imagedomainnot to becoveredby theunionof regionssince,
aswe saw previously, occludedpointsarenot explainableby
any of theobservedimagemotionsandshouldthusremainout-
sideof all motionregions.

Onefurtherstraightforwardmodi�cation of equation(19) is
alsopossible,allowing theregionsto competefor apointbefore
they even meetat that point. This is doneby removing from
the above equationthe conditionthat the minimum be sought
overall k for whichuk > 0, andyieldsthefollowing evolution
equation:

@ui (x )
@t

= �
�

max
�

[� 2( bT i ; x )�

min
k6= i

� 2( bT k ; x )]; [� 2( bT i ; x ) � C]
	

+ � L � u i (x )
�

k~r ui k:

As it allows regions to form without any connectivity con-
straints,suchan evolution equationseemsmore in line with
theindependenceon topologyinherentin thelevel setmethod-
ology; however, it suffers from the importantdrawback that
it inhibits region growth, even at pointswhereregionsarenot
competingagainstoneanother. Hence,we shallnot give it any
further considerationand we shall useequation(19) instead.
Furthermodi�cations(suchaslettingC beafunctionof x , and
thusre�ecting non-stationarityof thenoiseprocess)arepossi-
blebut wewill notdetailthemhere.

V. INITIALIZATION OF THE ALGORITHM

As mentionedin Section II-A, two problemsneed to be
solved iteratively one after the other: estimationof transfor-
mation parametersT given an estimatedpartition b
 (6), and
motionsegmentationgivenestimatedmotionparametersbT (7).
In other words, the estimationof the motion transformations
shouldbealternatedwith the resolutionof thesystemof level
setevolution equations(19),iteratively, until boththesequence
of estimatedmotiontransformationsandthesequenceof solu-
tionsto (19) reachtheir limit points.

A very importantpoint to notehereis that if we wereable
to accuratelyestimatethe numberof distinct motion transfor-
mationsandtheir parametersindependentlyof any motionseg-
mentation,then we would not have to re-estimatethem with
eachnew motion segmentationestimatein this EM-like fash-
ion, andwe couldestimatethemonceandfor all beforecom-
puting the solution to our level setevolution equations.This
wouldsimplify themotionsegmentationproblemconsiderably,
bothconceptuallyandcomputationally. Thisis theapproachwe
adopthere.We computemotiontransformationsf T i gN

i =1 , i.e.,
thenumberN of transformations(motionclasses),andmotion
parametersfor eachclass,independentlyof any motionsegmen-
tation; the estimatef bT i gN

i =1 thusobtainedcould be improved
lateraccordingto the�nal segmentation.OnceN andf T i gN

i =1
have beencomputed,the level set functionsf ui gN

i =1 are ap-
propriatelyinitialized (seebelow). From thenon, the system
of level set partial differential equations(19) can be numeri-
cally solvedfor thesteady-statevalueof thefunctionsf ui gN

i =1 ,
yielding thedesiredsegmentation.

Below, we proposea procedurefor theestimationof N and
f T i gN

i =1 independentlyof any motion segmentation,and for
theinitializationof thelevel setfunctionsf ui gN

i =1 . We assume
thateachmotion transformationT i is af�ne, i.e., y = T i x =
A i x + bi , whereA i is a2� 2 matrixof non-translationalcom-
ponentsof T i andbi is a2-D translationvector. Althoughother
morecomplex models,suchasprojective linear or quadratic,
could be used,we found that the af�ne model was suf�cient
in most cases. The initialization procedureconsistsof three
stages:

1) correspondenceestimation - to identify image points
from whichmotionparameterscanbereliablyestimated,

2) motion classi�cation - to group the correspondence
points into separateclasses,eachwith its own distinct
motion,yieldingthenumberN of distinctmotionclasses
andtheir parametersf Ti gN

i =1 ,
3) initializationof level setfunctionsf ui gN

i =1 .
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A. Correspondenceestimation

The identi�cation of imagepointsthat allow a reliableesti-
mationof motion parameterscanbe donein numerousways.
Theaim is to obtainpairsof correspondingpointswhich could
thenbeclassi�edaccordingto motionandyield thedesiredmo-
tion parameters.Notethatfor displacementsof only a few pix-
els,simpledifferentialtechniquescanbereliably usedto com-
putethesecorrespondences.Sinceour aim hereis to illustrate
theperformanceof ouralgorithmfor long-rangemotionaswell,
weshallusemoregeneraltechniquesfor computingcorrespon-
dences.We considertwo automaticschemesto extract image
pointsandestablishcorrespondencebetweenthem. We stress
that theseareby no meanstheonly schemespossible,andit is
alwayspossibleto devise moresophisticatedandmorerobust
ones.

The�rst andsimplerof thetwo schemesweproposeis based
on block matching. It consistsof regularly subdividing the
imageI n into blocks of �x ed size, and computingthe best-
matchingblocksin imageI n +1 , usingasimplesumof squared-
differenceor sumof absolute-differencemeasure.In this way,
a pair of points(x n

k ; x n +1
k ) is constructed,the�rst component

beingthecenterpoint of theblock in I n , andthesecond– the
centerpointof thebestmatchingblockin I n +1 . To removeam-
biguousmatches,only pairscorrespondingto blocksin I n hav-
ing gray level varianceabove a certainthresholdareretained,
that is, blockswhich have suf�cient gray level structure. We
de�ne X n = f x n

k gM
k=1 as the set of centerpoints of the es-

timatednon-ambiguousblocks. The pairsof correspondences
(x n ; x n +1 ) obtainedfor all x n 2 X n will thenbeclassi�edas
describedin thenext sub-section.

The second,morecomplex scheme,basedon featurepoint
extraction, applieswhen the image has more structure,and
usuallyresultsin moreprecisedisplacementestimates.Many
methodsexist for the extraction of suchpoints from images.
We have optedfor themethodproposedby Harris [34], that is
judgedto performwell in thepresenceof scaleandviewpoint
change,variationof illumination,andnoiseof theimagingsys-
tem[35]. Wehaveusedaparticularimplementationof theHar-
ris operatordescribedin [36], althoughotherimplementations
or otherfeature-pointdetectorscouldperformsimilarly.

Having foundthefeaturepointsin imagesI n andI n +1 , we
needto establishcorrespondencebetweenfeaturepointsin both
images.To achieve this, we useexhaustive searchbasedon a
covariancemeasurefollowedby cross-validation. Our method
hasbeeninspiredby theapproachdevelopedin [37].

Let X n = f x n
k gM 1

k=1 andX n +1 = f x n +1
k gM 2

k=1 bethesetsof
featurepoints in imagesI n andI n +1 , respectively. Also, let
S = f (d1; d2)jdmin

1 � d1 � dmax
1 ; dmin

2 � d2 � dmax
2 g

be a searcharea. We evaluate the similarity betweenfea-
ture points at x n

k and x n +1
k by a local covariancemeasure

	( x n
k ; x n +1

k ) [37]. For x n
k andx n +1

k , suchthat in small win-
dows aroundthemimageintensitiesaresimilar, 	( x n

k ; x n +1
k )

attainslargevalues.Weuse	 asfollows: for eachfeaturepoint
x n

k 2 X n , we searchfor a featurepoint x n +1
k 2 X n +1 located

within thesearchareaS centeredat x n
k suchthat it maximizes

	( x n
k ; x n +1

k ). Formally, this canbeexpressedasfollows:

8x n
k 2 X n : max

x n +1
k 2X n +1

	( x n
k ; x n +1

k ); x n +1
k � x n

k 2 S: (20)

In order that the matchbe reliable, we also require that the
covariancemeasure	( x n

k ; x n +1
k ) be above a threshold,i.e.,

	( x n
k ; x n +1

k ) > � .
Having found the correspondencepoints, the �nal step is

cross-validation to eliminate falsematches. First, the corre-
spondencesfrom I n to I n +1 areestablishedby solving (20),
followedby establishingthecorrespondencesfrom I n +1 to I n ,
i.e.,bysolving(20)with theroleof indicesn andn+ 1 reversed.
Then,all correspondencepairsarecross-veri�ed; if x n +1

k is the
bestmatchfor x n

k , andx n
k is thebestmatchfor x n +1

k , sucha
pair is retained,otherwiseit is rejected. The remainingpairs
constituteanensembleof reliablecorrespondences.

B. Motionclassi�cation

Basedon theensembleof reliablecorrespondenceswe com-
putethe differentclassesof motion. We assumethat all these
motionclassescanbedescribedby theaf�ne modeldiscussed
beforeandthat they do not deviatemuchfrom a rigid motion.
Thesetwo assumptionsallow us to usesimpleclusteringand
considerablyreducethecomplexity of theproblemwithout los-
ing too much generality. Let X = f (x n

k ; x n +1
k )gM

k=1 be the
ensembleof correspondingfeaturepoints. From this set, we
wish to estimatethenumberof distinctmotionclasses,classify
the pairsof correspondingfeaturepoints,and�nally estimate
themotionparametersfor eachclass.Weproceedin two steps:
we performa coarseclassi�cationbasedon theassumptionof
motion rigidity, andwe follow with a re�nementbasedon all
af�ne parameters,i.e.,A i andbi (6-dimensionalspace).

If two pairsof correspondingfeaturepoints(x n
k ; x n +1

k ) and
(x n

l ; x n +1
l ) canbeexplainedby thesameaf�ne transformation

T i , then

x n
k = T i x

n +1
k = A i x

n +1
k + bi ;

x n
l = T i x n +1

l = A i x n +1
l + bi :

Sincewe assumethat the transformationT i is closeto a rigid
motion, the distanced(x n +1

k ; x n +1
l ) is close to d(x n

k ; x n
l ).

Basedon this observation, we can perform a coarseclassi�-
cationas follows. Initially, a classC1 is createdand the pair
(x n

1 ; x n +1
1 ) is assignedto it. Every pair (x n

k ; x n +1
k ) 2 X such

that jd(x n
1 ; x n

k ) � d(x n +1
1 ; x n +1

k )j < � is thenassignedto C1,
where� is a boundon thealloweddeviation from rigid motion.
If therearepointsin X thathavenotbeenassignedto C1, anew
classC2 is created,andthesameprocessis repeatedfor C2. The
processterminateswhenall pairshave beenclassi�ed. Since
we needat least3 distinctpairsof correspondingpointsto es-
timateanaf�ne transformation,all classeswith lessthanthree
elementsarediscarded.WethushaveN distinctmotionclasses
fC1; C2; : : : ; CN g, andan initial assignmentof pairsof feature
pointsto theseclasses.

Note,that theclassi�cationthusobtainedis very coarse;the
classi�cationcriteriondescribedabove is only anecessarycon-
dition for rigid motion not a suf�cient one,and it could well
happenthat pairswith far apartaf�ne motionsbe assignedto
thesamemotionclass.Ontheotherhand,theestimateN of the
numberof distinctmotionclasseshasbeenexperimentallyveri-
�ed to beaccurate,especiallyfor highratiosof featurepointsto
motionclasses.Therefore,usingtheestimateN of thenumber
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of motionclasses,we iteratively improve the initial classi�ca-
tion usingthe K -meansclusteringalgorithm. At eachstepof
this algorithm, for eachi 2 f 1; : : : ; N g, the af�ne transfor-
mationT i = (A i ; bi ) correspondingto classCi is computed
basedon the pairs(x n

k ; x n +1
k ) in Ci . Subsequently, eachpair

(x n
k ; x n +1

k ) of eachclassis assignedto theclassCm for which
thedistanced((x n

k ; x n +1
k ); Cm ) = kA m x n +1

k + bm � x n
k k is

minimized.Theiterationsstopwheneverclassesarenotaltered
anymore.

C. Initialization of functionsui

OnceN andf bT i gN
i =1 arecomputed,thesystemof level set

evolutionequations(19)canbede�ned,andthesolutionto this
systemwill yield thesolutionto ourmotionsegmentationprob-
lem ast ! 1 . For this solutionto beuniquelyde�ned, how-
ever, initial conditionsneedto bespeci�ed.Moreprecisely, the
level set functionsat t = 0, i.e., the functionsf ui (:; 0)gN

i =1 ,
needto bespeci�ed.

Specifyingthe level setfunctionsf ui (:; 0)gN
i =1 corresponds

to assigninganinitial motionsegmentationto theimage.Since
level setevolution equationsallow topologychanges,it is not
necessarythat the initial segmentationhave the sametopol-
ogy as the �nal segmentation. Furthermore,since the pro-
posedmotion segmentationalgorithm is not boundary-based
(the function driving the evolution is not supportedonly on
region boundaries),the initial segmentationneednot even be
closeto the �nal segmentation.Thus,aslong asthe level set
functionsui arenot identically constant(in which casethere
would be no evolution), they can be quite arbitrary. From a
computationalpointof view, however, theclosertheinitial seg-
mentationis to thedesiredsegmentation,thefasterthelatter is
computed.

We proposeherea simple procedurefor de�ning the level
set functionsf ui (:; 0)gN

i =1 usingour previous motion estima-
tion scheme.Sincewe have alreadyclassi�edpoint correspon-
dencesby motion, we know for eachpoint in correspondence
themotion type it belongsto. That is, for eachsuchpoint, we
know the particular index k for which the level set function
uk (:; 1 ) shouldbepositive at thatpoint. Sincesuchpointsare
oftenlocatedin theinteriorof motionregions,uk (:; 1 ) maybe
positivein asmallneighborhoodof thatpointaswell. Thissug-
geststhefollowing initialization schemefor the level setfunc-
tions. The level setfunctionsuk (:; 0) areinitially setto some
constantnegative value,for all k = 1; : : : ; N . A squareneigh-
borhoodof �x edsizeisconstructedaroundeachpointx n

k 2 X n

(whereX n is obtainedvia block matching,or featurepoint ex-
traction,or any otherway),andtheimagepointsin this square
neighborhoodareassumedto belongto thesamemotionclass
asx n

k , sayCi , for somei 2 f 1; : : : ; N g. Then,ui (:; 0) is setto
somepositive valuefor all pointsin this squareneighborhood.
Wecanthusimaginetheinitial level setfunctionsasbeing�at,
exceptatsomenarrow elevatedplateaus,eachplateaudenoting
membershipin thespeci�c motionclassof that level setfunc-
tion. Thegoalof segmentationis to maketheseplateausextend
(or shrink)appropriatelysothateachimagepointbelongsto the
plateauof a level setfunction(ideally, to oneonly). Note that
insteadof these“�at” plateaus,signeddistancefunctionscould
alsohave beenused[18].

VI . EXPERIMENTAL RESULTS

Theexperimentalresultsdescribedin this sectionhave been
obtainedusingthesystemof level setevolutionequationsgiven
in equation(19), andaugmentedto includedependenceon in-
tensityboundaries(18):

@ui (x )
@t

= �
�

max
�

[� 2( bT i ; x )�

min
k6= i;u k (x )> 0

� 2( bT k ; x )]; [� 2( bT i ; x ) � C]
	

+ � L � u i (x ) � � I � u i (x )k~r I n k
�

k~r ui k

� � I ~r ui
T

H I

~r I n

k~r I n k
; i = 1; : : : ; N :

(21)

Eachequationin thissystemof equationsis of theform

@u
@t

= F k~r uk;

andcanbesolvednumericallyby replacingtimederivativesby
�nite differences,andspatialderivativesby appropriateapprox-
imations,assuggestedin [18]. The key ideabehindsuchnu-
mericalapproximationsis to ensurethat thenumericaldomain
of dependenceof a functioncontainsits mathematicaldomain
of dependence.We refer the interestedreaderto the literature
[18] for a moredetaileddiscussionof numericalissuesandfor
a precisedescriptionof variousdiscretizationschemes.Note
alsothat thehighly ef�cient fastmarchingalgorithmproposed
in [18] is notapplicableheresincethefunctionF will not nec-
essarilyhave constantsignthroughouttheevolution.

After discretization,eachequationin thesystem(21)will be
of theform

un +1
ij = un

ij + � tGn
ij

where(i; j ) is a spatialgrid point, andwherethe superscripts
n; n + 1 representtheiterationindex and� t thetemporaldis-
cretizationstep.Gn

ij is thevalueat iterationn andatpoint(i; j )
of thediscretizedright-hand-sideof equation(21). In orderto
obtain imagesegmentationsthat arepurely motion-basedand
not basedon intensityboundaries,the coef�cient � I in equa-
tion (21) hasbeensetto 0 in all theexperiments.Furthermore,
thetemporaldiscretizationstephasbeenchosenas� t = 10� 4

in all experiments,exceptwhenspeci�ed. In what follows, an
“iteration” refersto thecomputationof un +1

ij for all imagegrid
points(i; j ) andall level setfunctionsuk ; k = 1; : : : ; N .

In all experiments,themotion residual� is computedusing
the luminancecomponentof the images,which hasa dynamic
rangeof 255. In experimentsusing featurepoint correspon-
dence,the searchareaS is extendedto the whole image,and
the threshold� on covariancehasbeensetto 0.1. During mo-
tion classi�cation,thebound� on deviation from rigid motion
hasbeensetto 5.

A. Syntheticmotion

We �rst illustrate our algorithm on a real imagewith two
manually-insertedobjects undergoing synthetic translational
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(a) (b)

Fig. 2. (a) ImageI n with 2 manually-insertedobjects;and(b) imageI n +1 with theobjectsdisplaced(translationalmotion).

motion (Fig. 2). The backgroundsin both I n (Fig. 2(a)) and
I n +1 (Fig.2(b))aretakenfrom thesameimageAqua, while the
objects(cameramanandhorseman)arecutoutfrom imageTun-
nel (seeAcknowledgments).In imageI n +1 the objectshave
beendisplacedby up to several hundredpixels as compared
to imageI n . Sincethe imagesare rich in texture, point cor-
respondencesareestablishedusingthefeaturecorrespondence
scheme.Correspondingfeaturepointsareshown in Fig. 3(a)
and(b), andthecorrespondencevectorsin Fig. 3(c). Notethat
mostof the correspondencevectorshave beenproperlycom-
puted,while a smallnumberof outliersarealsopresent.After
motionclassi�cation,in which theseoutliersarerejected,three
distinctmotionregionsarefound(N =4): thestaticbackground,
thecutoutof thecameramanundergoingtranslationupwardand
leftward,andthecutoutof thehorsemanundergoinga transla-
tion upwardandrightward.

Figs.3(d-f) show threemotion regionscomputedby our al-
gorithm over 3,000 iterationswith the following parameters:
C=1,000, � L =500. Note that a value of C = 1; 000 corre-
spondsto a thresholdof about33 on theabsolutevalueof the
motion residuals.In eachof these�gures, the off-white areas
representpoints that do not belongto the correspondingmo-
tion region, i.e., pointsat which thecorrespondingfunctionui

is negative. Pointsbelongingto the correspondingmotion re-
gion(i.e.,whereui is positive)areshown with theirgrayvalue.
Fig. 3(d) shows the motion region correspondingto the back-
ground(zeromotion).Notethatall stationarypointshave been
classi�ed assuch. On the otherhand,all pointsbelongingto
thetwo othermotionregions(cameramanandhorseman)have
beenexcludedfrom thebackground,asthey correspondto un-
coveredregions. At the sametime, most, but not all, of the
pointsoccludedby the two cutoutshave beenexcludedfrom
the backgroundas well; occludedpoints have no correspon-
denceand thus usually cannotbe explainedby zero motion.
However, with theselectedthresholdC, it sohappensthatsome
pointsin theocclusionregionshave beenaccidentallywell ex-
plainedby the zero-motiontransformationof the background,
i.e., their squaredmotion residual� 2, underzeromotion, has
beenlessthanC. Loweringthevalueof C reducestheseacci-
dentalmatches.Fig. 3(e)shows themotionregion correspond-

ing to thecameramancutout.Notethatthecutouthasbeenvery
preciselydelineated,althoughpartof theupperright occluded
regionhasbeenclassi�edin thesamemotionregionasthecam-
eraman.Hereagain, it happensthat themotiontransformation
of the cameramanbestyields a motion residualfor this patch
which is lower thanthethresholdC andlower thanthemotion
residualsof theothertwo motions.As canbeseenin Fig. 3(f),
the motion region correspondingto the horsemancutout has
beenvery preciselydelineated.To give anideaof how precise
thisdelineationis,Fig.4 showsclose-upsof theoriginalcutouts
usedin creatingthesyntheticmotions,andthosefoundby the
algorithm.

Fig. 5 illustratesthe evolution of the numericalsolutionof
the level setpartial differentialequations.In Figs.5(a-c), the
initial level setcontoursfor eachof thesurfacesui (i = 1; 2; 3)
areshown superposedontoI n . Eachui is initialized to a posi-
tive valuein a rectangularneighborhoodof featurepointsfrom
its class.Notethatalthoughtheseinitial contoursarecorrectly
locatedin the areasof moving objects(the motion classi�ca-
tion andcontourinitialization algorithmsperformedwell) this
is notnecessarysincethelevel setevolutionequationsconverge
to (visually) identicalsolution(Figs.5(f)) from otherinitializa-
tionsaswell, for examplefrom aninitial rectanglein themid-
dle of the image. Theadvantageof a goodinitialization, such
as the one hereis fasterconvergence. In Fig. 5(d), the level
setsareshown after 25 iterations. Note that a preciseoutline
of thecameramanandthehorsemanis alreadytakingshape.In
Fig. 5(e),thelevel setsareshown after75 iterations.Numerous
blobshavealreadysplit, merged,appeared,anddisappeared.In
Fig. 5(f), the�nal level setsareshown after3,000iterations.

In thesecondexperiment,wehave testedtheaccuracy of the
algorithmin caseof a morecomplex syntheticmotion (trans-
lation androtation). Fig. 6 shows a pair of imagesconstructed
from Aqua and Flower with threemotion regions: the static
background,andtwo othermotionregionsdeliberatelychosen
to “hide” verywell in thebackground.Theseare:anellipsoidal
region aroundthestriped�sh in thecentertop of Fig. 6(a)and
aroundedregionwith planttexturein thelowerright partof the
sameimagethatis, admittedly, very hardto identify. However,
this is preciselythe point, which is to show that we canaccu-
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(a) (d)

(b) (e)

(c) (f)

Fig. 3. Resultsfor synthetictranslationfrom Fig. 2. Correspondingfeaturepoints (white and black squares)in (a) imageI n , and (b) imageI n +1 ; (c)
correspondencevectorscomputedusingthealgorithmdescribedin SectionV; andtheresultingsegmentationsfor (d) background± u1 ; (e) ®rst object± u2 and
(f) secondobject± u3 . Theoff-white areasin (d-f) correspondto u i < 0.
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(a) (b) (c) (d)
Fig. 4. Enlargedobjectsfrom Fig. 3: (a)original (inserted)®rst object;(b) estimated®rst object;(c) original secondobject;and(d) estimatedsecondobject.

rately identify motionregionsevenwhenthey have very weak
intensityboundaries.Both regionsundergo a large amountof
rotation and translation,as can be seenin Fig. 6(b). Due to
the large amountof rotation presenthere, the featurepoints
andthecorrespondencesbetweenthemhavebeenmanuallyes-
tablished,sinceaugmentingour currentfeatureextractionand
correspondencealgorithmto accommodatesubstantialrotation
wouldhave beenoutsideof thescopeof thispaper.

Fig. 7(a) shows the initial level setsof all threemotion re-
gionssuperposed.Note that themanuallyassignedcorrespon-
dencesare very sparse. The proposedalgorithm is applied
with exactly the sameparametersas in the translationalcase.
In Fig. 7(b), the �nal three level setsare shown after 3,000
iterations. Note that the two non-zeromotion regions have
beenpreciselyidenti�ed, althoughthey are barely visible in
Fig. 6(a). Onceagain, the fragmentedlevel sets(left andup-
perright of theimage)correspondto occludedregions.To give
an idea of the precisionwith which the different regions are
delineated,Fig. 8(a) shows the two cutoutsusedto construct
I n andI n +1 . Thesearethe two non-zeromotion regions. In
Fig. 8(b), the backgroundlayer (zeromotion) is shown. The
two cutouts,correspondingto uncoveredregions,areexcluded
from the backgroundregion (off-white areas),while the oc-
cludedregionsarefragmented;mostpointsthereareexcluded
from the backgroundaswell, while someareassignedto the
background.Again, theproportionof theseis controlledby the
residualthresholdC. In Fig. 8(c), the layer correspondingto
the �sh region is shown. Note that the �sh region itself has
beenvery accuratelydelineated. Here also, partsof the two
occludedregionshavebeenwell explainedby themotiontrans-
formationof the�sh regionandhencehavebeenassignedto it.
In Fig.8(d),themotionregioncorrespondingto theplantregion
is shown. Theprecisionof this motionsegmentationalgorithm
is againseenin theenlargementsof Fig. 9.

B. Natural motion

We have alsoappliedtheproposedalgorithmto imageswith
naturalmotion. In the �rst test,we have appliedthealgorithm
to frames0 and4 of theTrain sequence(Fig. 10(a)).In this se-
quence,cameraandtrain motionsaresuperposed.As a result,
in goingfrom frame0 to 4, thewagonsmove leftward,andthe
background– rightward. Furthermore,themotionof thewag-
onshasa non-negligible rotationalcomponent.In Fig. 10(b),
the featurepoints of frame 0 usedin the correspondenceare
shown. In Fig. 10(c), the estimatedcorrespondencevectors

are displayed,from which motion classesare computedsub-
sequently. Following motion classi�cation, only two motion
classesareretained,onefor the background,the otherfor the
train. Note that contraryto the previous examples,the back-
groundundergoesnon-zeromotion. In Fig. 10(d), the initial
level setsof both the train andthebackgroundregionsaresu-
perposed.

Fig. 11(a)shows theresultafter20,000iterations,with other
parametersbeingthe sameasbefore. Note that the outline of
thewagonshasbeenverypreciselycomputed,especiallyonthe
top boundary, without thehelpof intensityboundaries(� I =0).
Note also the spuriousfragmentationdue to the observation
noise,modelinginaccuraciesandmotionestimationerrors. In
Fig. 11(b), the result is shown with � L =1,000(mild regular-
ization); note that the level setcurvesarenow smootherthan
in Fig. 11(a) yet still delineatethe moving regions very pre-
cisely, andthat the spuriousfragmentationis considerablyre-
duced.Increasing� L smoothsthelevel setcurvesandreduces
this fragmentationfurther, ascanbeseenin Fig. 11(c),where
the resultsof segmentationwith � L =2,000(strongregulariza-
tion) areshown. Note alsothat the delineationof the wagons
remainsverypreciseevenfor � L =2,000,althoughin somerare
occasions(e.g.,the upperleft bendof the contouron the left-
mostwagon),thestrongregularizationimposedleadsthecon-
tour to slightly deviate from the motion boundaries.Thereis
thusa trade-off betweentheaccuracy of themotionboundaries
found andtheir complexity. In Fig. 11(d) and(e), the motion
regionscorrespondingto thebackgroundandtrain regions,re-
spectively, ascomputedin Fig. 11(c) (i.e., with � L =2,000)are
shown. Theartifactsat theleft andright imageextremitiescor-
respondto bordereffects, i.e., regionsexiting or enteringthe
image(uncovered/occludedregions). Note also that although
the upperboundaryof the wagonshasbeenaccuratelyidenti-
�ed, this is not sofor thelowerboundary, andpartof therail is
includedin thetrain region. This is dueto thefact thatmotion
of therail alongitself cannotbedetectedunlesstherearemark-
ingson therail, which is not thecasehere(motionambiguity).
In Fig. 11(f), the computedmotion �eld correspondingto the
segmentationin Fig. 11(c)is shown.

In thelastsetof experiments,we applyour motionsegmen-
tation algorithmto frames0 and8 of the Pingpongsequence,
thatareshown in Fig. 12(a)and(b). In thispair, therearethree
motionregionsof interest:thestaticbackground,theball (up-
wardtranslationalmotion),andthehand(downwardrotational
motion). Sincein this caseneithertheball nor thebackground
have any substantialfeatures,we performedtheautomaticcor-
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(a) (d)

(b) (e)

(c) (f)
Fig. 5. Evolution of zero-level setcontours:(a-c) initial contoursfor u1 , u2 andu3 (derivedfrom threemotionclasses);(d-f) contoursafter25, 75 and3,000
(®nal) iterations,respectively, superposedontoIn .
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(a) (b)

Fig. 6. (a) ImageI n with two manually-insertedobjects;and(b) imageI n +1 with theobjectsdisplacedandrotated.

(a) (b)
Fig. 7. Resultsfor synthetictranslationandrotationfrom Fig. 6: (a) initial, and(b) ®nal zero-level setcontours.Thefeaturepointsandcorrespondencesamong
themwereestablishedmanually.

respondenceusingblockmatchinginsteadof featurecorrespon-
dence. 56� 56-pixel blocks were matchedin a 80� 80 pixel
searchrange. In Fig. 12(c), the vectorscomputedusing this
schemeareshown (oneperblock). Notethata numberof null
vectors(background)werealsocomputed,thatobviously can-
not beseenin the�gure. Following motionclassi�cationthree
motionclasseswerefound. In Fig. 12(d),theinitial superposed
level setsareshown.

The result of our motion-basedsegmentationalgorithm is
shown in Fig. 13. In Fig. 13(a),thesuperposedlevel setsof the
threeregions are shown for C=1,000,� L =2,000,and 20,000
iterations. As canbe seenhere,the ball, andthe background
have bothbeenpreciselydelineated,andsohasthehand,espe-
cially at the top. Due to the fact that the backgroundis close
to uniform, thebottompartof thehandregion hasgrown into
the occludedregion underthe racket, and partsof that same
occludedregion have beenattributedto theball region aswell.
This is acaseof motionambiguityandcannotberecti�ed using
motioninformationalone.Increasingthevalueof thecurvereg-
ularizationcoef�cient � L is expectedto alleviatethis problem.

Theresultof our algorithmwith � L =6,000(and� t = 7:10� 5)
is shown in Fig. 13(b). As can be seenhere, the computed
boundaryof the handregion is now envelopingthe handa bit
more tightly, especiallyat the bottom. Furthermore,the con-
tour fragmentationis substantiallyreduced,and the contours
aresmootherthan in Fig. 13(a). In Fig. 13(c), the computed
motion�eld basedon thesegmentationin Fig. 13(b) is shown.
Notetherotationalmotionof thehandregion,with thecenterof
rotationpositionedexactlyat theelbow. Theresultingsegmen-
tation layersareshown Figs. 13(d-f). Note the precisedelin-
eationof theball andthehand.Notealsothat thehandregion
includesonly theelbow, theforearm,andtheracket,consistent
with rotationaroundtheelbow.

C. ComputationalRequirementsandStoppingCriteria

The numericalsolutionof the systemof equations(21) can
bevery intensive computationally;20,000iterationsof thedis-
cretizedsystemof equations(21) on the720� 576Train image
shown in the previous sectiontook almost20 hourson a 450
MHz Pentium-IIIPCunderLinux. This is becauseno attempt
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(a) (c)

(b) (d)

Fig. 8. (a) InsertedobjectsthataredisplacedandrotatedbetweenI n andI n +1 ; theresultingsegmentationsfor (b) background± u1 ; (c) ®rst object± u2 and
(d) secondobject± u3 . Theoff-white areasin (b-d) correspondto u i < 0.

(a) (b) (c) (d)
Fig. 9. Enlargedsyntheticobjectsfrom Fig. 8: (a) original (inserted)®rst object;(b) estimated®rst object;(c) original secondobject;and(d) estimatedsecond
object.

wasmadeat usingspecialtechniquesto reducethe computa-
tional load, nor at optimizing the code. Thereare numerous
techniquesthat canbe usedto reducethe computationalload.
Experimentswehaveperformedwith acombinationof pyrami-
dalcomputationandnarrow bandinghaveallowedusto reduce
this computationalloadby a factorof up to 70,with almostno
lossin segmentationquality. Thus,20,000iterationsof thedis-
cretizedsystemof equations(21) canbecomputedin lessthan

20 minutes,insteadof 20 hours. It is possibleto still further
improve this factorby optimizingthecodeitself, somethingwe
have not addressed.For moredetailson our pyramidal/narrow
bandingscheme,we referthereaderto our recentpaperwhich
fully describestheseexperiments[38]. Also, in theexperiments
we have describedabove, we did not useany criterion to stop
theiterations.Rather, wecomputedtheiteratesfor a�x ednum-
berof iterations(3,000in onecase,20,000in another, ...). More
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(a) (c)

(b) (d)

Fig. 10. ImageI n from naturalsequenceTrain; (b) featurepointsin I n thathavecorrespondingpointsin I n +4 ; (c) correspondencevectorscomputedusingthe
algorithmdescribedin SectionV; (d) initial zero-level setcontours.

recently, we have devisedstoppingcriteria thatwe have incor-
poratedinto ourpyramidal/narrow bandingscheme[38]. These
provide schemesto detectconvergenceof thesequenceof iter-
ates,andeliminatetheneedto specifya �x ednumberof itera-
tionsaltogether.

VI I . CONCLUSIONS
We have presenteda methodfor motion-basedsegmentation

of imageswith multiple moving objects.Themethodis based
on anactive contourformulationandsolved with the level set
methodology. The �nal algorithmis expressedasthesolution
of a systemof coupledpartial differentialequations.The ex-
perimentsdescribedin thepaperhave shown convincingly that
a very accuratemotion segmentationcanbe obtainedwithout
relying on intensity boundaries.Also, in our experiencethe
proposedmethodperformsbetterthanoften-usedMRF-based
motionsegmentationalgorithms(e.g.,[3]). Thereasonfor this
is that in MRF-basedmethodsthe problemis discretizedvery
earlyon,andhenceimportantgeometricattributes,suchascur-
vature,never appearexplicitly. An importantfeatureof theal-
gorithm proposedhereis the robustnessto the initial segmen-
tation from which the level setequationsevolve; in particular,

anaccuratemotionsegmentationcanbeobtainedevenwhenthe
initial segmentationis notcloseto it in eithershapeor topology.

ACKNOWLEDGMENTS

A. Mansouriwishesto thankProf. Amar Mitiche of INRS-
TÂelÂecommunicationsfor the numerousenlighteningdiscus-
sionson level setPDEsandmotion estimation.This research
was supportedby the Natural Sciencesand EngineeringRe-
searchCouncil of Canadaunderstrategic grant STR192788.
The authorswould like to thankthe CCETT, Rennes,France,
theRACE DISTIMA projectof theEuropeanCommunity, and
theNHK of Japanfor providing stereoscopicsequences.

REFERENCES

[1] N. Diehl, “Object-orientedmotionestimationandsegmentationin image
sequences,” SignalProcess.,Image Commun., vol. 3, no. 1, pp. 23±56,
Feb. 1991.

[2] F. Dufaux,F. Moscheni,andA. Lippman,“Spatio-temporalsegmentation
basedonmotionandstaticsegmentation,” in Proc.IEEEInt. Conf. Image
Processing, Oct.1995,vol. I, pp.306±309.

[3] J.KonradandV.-N. Dang,“Coding-orientedvideosegmentationinspired
by MRF models,” in Proc.IEEEInt. Conf. ImageProcessing, Sept.1996,
vol. I, pp.909±912.



MANSOURI AND KONRAD: MULTIPLE MOTION SEGMENTATION WITH LEVEL SETS 17

(a) (d)

(b) (e)

(c) (f)
Fig. 11. Resultsfor theTrain sequence:®nal zero-level setcontoursfor (a) � L =500(weakregularization);(b) � L =1,000(mild regularization);(c) � L =2,000
(strongregularization);theresultingsegmentations(� L =2,000)for (d) background± u1 and(e) train ± u2 ; and(f) theresultingdensemotion®eld (subsampled
by 16). Theoff-white areasin (d,e)correspondto u i < 0.



18 IEEETRANSACTIONSON IMAGEPROCESSING,VOL. 12,NO. 2, FEB.2003

(a) (c)

(b) (d)

Fig.12. Images:(a)I n and(b) I n +8 from naturalsequencePingpong; (c) motionvectors,oneperblock,computedby blockmatchingfor blockswith signi®cant
graylevel structure(seeSectionV-A); and(d) initial zero-level setcontours.

[4] P. BouthemyandP. Lalande, “Recovery of moving objectmasksin an
imagesequenceusinglocalspatiotemporalcontextual information,” Opt.
Eng., vol. 32,no.6, pp.1205±1212,1993.

[5] J.Konrad,“Motion detectionandestimation,” in Handbookof Imageand
Video Processing, A. Bovik, Ed., chapter3.10,pp. 207±225.Academic
Press,2000.

[6] F. Dufaux, I. Moccagatta, F. Moscheni, and H. Nicolas, “Vector
quantization-basedmotion ®eld segmentationunder the entropy crite-
rion,” J. Vis. Commun.Image Represent., vol. 5, no. 4, pp. 356±369,
Dec.1994.

[7] S.F. Wu and J. Kittler, “A gradient-basedmethodfor generalmotion
estimationandsegmentation,” J. Vis. Commun.Image Represent., vol. 4,
no.1, pp.25±38,Mar. 1993.

[8] L. Robertand R. Deriche, “Densedepthmap reconstructionusing a
multiscaleregularizationapproachwhich preservesdiscontinuities,” in
Int. Workshopon Stereoscopicand3D Imaging, Santorini,Greece,Sept.
1995,pp.32±39.

[9] B.F. BuxtonandD.W. Murray, “Optical ¯ow segmentationasanill-posed
andmaximumlikelihoodproblem,” ImageVis. Comput., vol. 3, no.4, pp.
163±169,1985.

[10] D.W. Murray andB.F. Buxton, “Scenesegmentationfrom visualmotion
usingglobal optimization,” IEEE Trans.Pattern Anal. Machine Intell.,
vol. 9, no.2, pp.220±228,Mar. 1987.

[11] J.KonradandE. Dubois, “Bayesianestimationof motionvector®elds,”
IEEE Trans.Pattern Anal. Machine Intell., vol. 14, no. 9, pp. 910±927,
Sept.1992.

[12] C. Stiller, “Object-basedestimationof densemotion®elds,” IEEETrans.
ImageProcess., vol. 6, no.2, pp.234±250,Feb. 1997.

[13] M.M. Chang,A.M. Tekalp,andM.I. Sezan,“Simultaneousmotionesti-
mationandsegmentation,” IEEETrans.ImageProcess., vol. 6, no.9, pp.
1326±1333,Sept.1997.

[14] A.G. BorsandI. Pitas, “Optical ¯ow estimationandmoving objectseg-
mentationbasedon medianradialbasisfunctionnetwork,” IEEE Trans.
ImageProcess., vol. 7, no.5, pp.693±702,May 1998.
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