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Multiple motionsegmentationwith level sets

Abdol-RezaViansouriandJanusZXKonrad,SeniorMember|IEEE

Abstract—=Segmentationof motion in an image sequences one
of the mostchallengingproblemsin imageprocessingwhile at the
sametime onethat nds numerousapplications. To date,a wealth
of approachesto motion segmentationhave beenproposed.Many
of them suffer from the local nature of the modelsused. Global
models, such as those basedon Mark ov random elds, perform,
in general, better. In this paper, we proposea new approach to
motion segmentationthat is basedon a global model. The nov-
elty of the approachis twofold. First, inspired by recentwork of
other reseacherswe formulate the problemasthat of regioncom-
petition, but we solve it using the level setmethodology The key
featuresof a level setrepresentation,as compared to active con-
tours, often usedin this context, areits ability to handle variations
in the topology of the segmentationand its numerical stability. The
secondnovelty of the paper is the formulation in which, unlikein
many other motion segmentationalgorithms, we do not useinten-
sity boundariesasan accessory;the segmentationis purely based
on motion. This permits accurate estimation of motion bound-
aries of an object even when its intensity boundaries are hardly
visible. Sinceoccasionallyintensity boundaries may prove bene -
cial, we extend the formulation to accountfor the coincidenceof
motion and intensity boundaries. In addition, we generalizethe
approachto multiple motions. We discusspossiblediscretizations
of the evolution (PDE) equationsand we give details of an initial-
ization schemeso that the resultscould be duplicated. We show
numerous experimental resultsfor various formulations on natu-
ral imageswith either synthetic or natural motion.

Index Terms—Motion segmentation, motion estimation, level
sets,active contours

|. INTRODUCTION

gmentationof an image sequenceanto moving regions

elongsto the most dif cult and important problemsin
video processingobject-basedrame corversionand deinter
lacing, object-basedideo databaseuerying),video compres-
sion (MPEG-4)andcomputervision (sceneanalysis structure
from motion). The problemis notoriouslydif cult asit is an
inverseproblemand,furthermorejll-posed.

A varietyof approachebave beendevelopedto dateto solve
the problemof spatialsggmentatiof (into 2-D regions) of an
image sequence.Somemethodsuseintensity asthe primary
cue for sggmentationand adoptmotion only as an accessory
during region meiging or splitting, e.g.,[1], [2], [3]. We be-
lieve the motionitself is rich enoughto warrantprecisespatial
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1we underlinethefactthatthe segmentatioris spatial sincetheterm“image
sequencseggmentation’is oftenunderstoodsscenecut detectionj.e., tempo-
ral segmentation.

segmentatiorandthereforewe concentratén this paperon sey-
mentingmotionitself usingintensityonly asa possibleacces-
sory.

The simplestcaseof motion sggmentationis that of motion
detectiorf4]. Sinceimageareasieedo belabeledonly asmov-
ing or stationarythis is the caseof two-motion segmentation.
For areview of motiondetectiormethodghereadeiis referred
to theliterature,e.g.,[5]. In theremainderof the papeme will
concentrat®n themoregenerakaseof multiple motions.

In video compressionwherethe overall transmissiorrate
is the dominatingfactor the subjectve quality of a segmen-
tationplaysaminorrole. For example,a segmentatiormethod
basedon entroy constraint[6] performswell in compres-
sion, but the resulting segmentationsare suboptimalsubjec-
tively. The recentintroductionof MPEG-4 changeghat since
subjectvely-informatve segmentationsare neededn orderto
supportobject-basedunctionalitiesat the decoder The ap-
proachproposecherecanprovide suchsegmentations.

In non-compressioapplications methodsproposedo date
vary from simplethresholdingto sophisticatednixture model
analysis A simplemethodbasednthresholdingf themotion-
compensategbrediction error has beenshovn to work rela-
tively well on translationalsyntheticmotion but to be much
lessreliable on non-translationasyntheticmotion[7]. Thisis
not surprisingsincethe methodreally segmentsthe prediction
error and moreo/er usesno spatialsegmentationmodel. An
importantclassconstitutemethodsthat estimatedensemotion
elds andhypothesizemotion boundariesat imagepointsthat
have large motion gradient. Therefore,an imprecisemotion
estimate suchasonedueto excessve smoothing,is likely to
yield a poor motion sggmentation.This problemcanbe some-
what alleviated either by making explicit the dependencef
motionboundarie®nintensityboundariesr by adoptingedge-
preservingriors[8], leadingto anisotropidiffusionequations.

The abose methodssuffer from the lack of an explicit seg-
mentationmodel. Sucha modelis possible(and natural)in
the framawork of Markov random elds (MRFs)via theinclu-
sionof aprior probabilitydistribution (prior knowledge).Early
MRF-basednethodshave considered planarscenecomposi-
tion only [9], [10], while more sophisticateanodelswerepro-
posedater[11], [12]. Thesemethodshave modeledtheimage
partitionsimplicitly viaacoupledbinaryMRF (line processje-
sultingin segmentatiorboundarieghat neednot be connected
nor closed. To dealwith this, an explicit MRF model of the
eld of segmentationlabelswas proposed13]. In the same
work, aninterestingnew prior wasdevelopedthatmeasurethe
mismatchbetweenlocal and global motion measurementsts
minimizationin the MAP contet assures consisteng among
local motionestimates.

The formalism of a MRF formulation of motion sgmenta-



tion is often avoidedby posingthe problemdirectly in theen-
emgy minimizationframewvork. An interestingapproachbased
on enegy minimizationwith respecto featurevectors(includ-
ing segmentationabels)andneuralnetwork classi cationwas
proposedn [14]. In contrastthe enegy minimizationmethod
developedin [15] usesactive contoursto describeregionsand
amultiresolutionimplementatiorto nd thesolution.

Although a typical imagesequencehat undegoessegmen-
tation consistsof several distinct motionsoriginatingfrom the
scenebeingcapturedno methodlistedabove attemptedo nd
out explicitly the numberof motion classesand their charac-
teristics. Somerecentmethodshave addressedhis issue. For
example,in [16] the motion classesireestimatedy K -means
clusteringwhile the image partitioningis achieved by a sim-
ple point-wisehypothesigesting. In [17], mixture modelsare
usedto describethe multiple motionspresentanda minimum
descriptionlength formulationis usedfor determiningmodel
compleity. The prior modelfor sggmentatioriabelsis simple
andincludesonly zero-ordestatistics put thedemonstratede-
sultsareimpressie.

In this paper we considerthe problemof segmentingmo-
tion regionsusinglevel setsof functionsevolving accordingto
certain partial differential equations. Level sets,a humerical
analysistool that originatedin physicsfor the computationof
propagtinginterfaceq18], have beenvery recentlyappliedto
imagesegmentation[19], [20], [21] wherethey replaceactive
contoursasthedescriptorof segmentboundariesThekey fea-
turesof a level setrepresentationas comparedo active con-
toursare: the ability to handlevariationsin the topology of a
segmentationthe numericalstability andthe explicit de nition
of pixel membershipgaregionis representetly the supportof
the positive partof a level setfunction).

Level setshave alsobeenusedin the contet of motion. Re-
cently a schemefor detectingmoving objectsbasedon level
setshasbeenproposed22], [23], however its outcomeis nota
sggmentatiorbasedon motiontype, but rathera segmentation
into moving and stationaryregions. The segmentationprob-
lem solved is thusessentiallybinary, and no generalizatiorto
segmentatiorbasecbn multiple motiontypesis suggestedr-ur-
thermore animportantfeatureof this approachs that motion
boundariesandintensityboundariesave beenexplicitly com-
binedin the sggmentationalgorithm, thusrequiring strongin-
tensityedgesat motiondiscontinuities.The problemwith com-
bining thesetwo is that one cannotdetermineto what extent
the nal seggmentationis motion-basedr intensity-basedAn
approachto multiple-region image segmentationusing a sys-
tem of coupledcurve or level setevolution equationshasbeen
proposedn [24], [25], [26], wherethe desiredsegmentation
is de ned asthe onethatyields the maximalseparatiorof the
valuesof somestatistic(e.g.,luminance/chrominanceaeanor
variance)over eachregion. Similar work hasalsobedonevery
recentlyin thecontet of imagesegmentatiorbasenintensity
[27]. Level setshave alsobeenrecentlyappliedto the problem
of trackingregionsin animagesequenceHere,the boundary
of theregionsto betrackedis representedsthe zerolevel set
of afunction,while the solutionis formalizedasthe solutionto
acertainpartialdifferentialequation28], [29], [30].

Unlike in [22], [23], we develop here an approachto
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multiple-motionsegmentationusinga systemof coupledlevel
setpartial differentialequations.The developmentgpresented
heredetail andextendthe preliminaryresultsthatwe hadpub-
lishedearlier[31], [32]. The approachis novel in two ways.
First, inspiredby recentwork of otherresearcherg33] we for-
mulatethe problemasthatof region competition but we solve
it usinglevel setevolution equations.This will yield anevolu-
tion equatiorfor the simplestcaseof two motionregionswhich
canbeeasilygeneralizedo a systemof evolution equationdor
segmentatiorinto multiple motionregions. In sharpcontrasto
thegeneralizatiomproposedn [24], [25], [26], however, we do
not requirethatthe dimensionof the vectorof imagestatistics
grow linearly with the numberof regionsin the sggmentation.
The secondnovelty is the formulation in which, unlike in
mary othermotion segmentationalgorithms(e.g.,[22], [23]),
we do not useintensity boundariesas an accessorythe seg-
mentationis purely basedon motion. This permitsaccurate
estimationof motion boundariesof an object even when its
intensity boundariesare hardly visible. However, sinceocca-
sionally intensity boundariesmay prove bene cial, we extend
the formulationto accountfor the coincidenceof motion and
intensity boundariesput the additionalterm is optional. We
further generalizehe approacho multiple motions,solving it
with multiple level setfunctions. To facilitate duplicationof
the resultswe discusspossiblediscretizationf the evolution
(PDE)equationsndwe give detailsof aninitializationscheme.
The paperis organizedasfollows. In Sectionll aformula-
tion of two-motionsegmentatiorvia region competitionis pro-
posed.In Sectionlll alevel setrepresentatioffor the segmen-
tation problemis developed. Then,in SectionlV theformula-
tion is generalizedo the caseof multiple motions. SectionV
describesaninitialization algorithm. The paperendswith ex-
perimentakesultsin SectionVI followedby conclusions.

Il. MOTION SEGMENTATION VIA REGION COMPETITION

Letfl";1"*1 g beimagesattime instantst, andt,.; . Let
thedomainofimagel " be . Thegoalof motionsegmentation
isto nd apartitioningof thedomain , denoted ;g\, , such
thateachregion  ischaracterizethy adistinctmotion. We as-
sumefor simplicity thattheimagefunctionsarescalarvalued;
extensionto vectorvaluedimagess immediate.

LetfTigl, beafamily of (one-to-one)motiontransforma-
tions: T describeghe motion of region . We assumehe
family fT;( i)gl; is a partition of the imagedomain as
well. Clearly thisis a simplifying assumptiorwhich doesnot
accounffor occlusionsneverthelessit is areasonablassump-
tion which will malke the problemtractable. In the simplest
non-trivial caseN equals2, denotingtwo distinct motion re-
gions(e.g.,moving objectona, possiblymoving, background).
We assumethat transformationsT ; are parametric,such as
thoseexpressedy thetranslationalaf ne, projective linearor
guadratianodels.In latersectionswe will assumehattheT ;
areafne transformationsut during problemformulationwe
will stayfreeof aspeci c model.

Basedon the assumptiorof constanintensityalongmotion
trajectorieswe canrelateimagesl " andl "*! via the motion
transformationasfollows:

@)
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wherethe ; are assumedo be independentzero-meansta-

tionary Gaussiarwhite noiseprocessesccountingfor camera
noise.We alsoassumehatfor all i, the ; have the samevari-

ance. Clearly, this term doesnot accountfor sucheffectsas

occlusionsor illumination change To simplify thenotation,we

de ne themotion-compensateidtensityresidual :

1"(x): 2

Sincebothf g, andfT;( ;)g\, areassumedo be par
titions of the imagedomain , we canexpressthe likelihood
POM=In:f oM, ;fTgl, ]asfollows:

(T;x) = 1"1(Tx)

PO =Mt gy i Tigh, 1= NiC (Ti));
i=1x2 ;

3)

whereN; is thedensityfunctionof ;, andtheabove productis
aproductover all imagepoints.

At this point, we considerthe simplercasecorrespondingo
N =2 (objectand background).Treatingthis simple case rst
will allow usto easilyderive the evolution equationgor N =2,
andtheseequationwill lendthemselesto immediategeneral-
izationto largerN , aswill bemadeclearin SectionlV.

A. S@gmentatiorindependentf intensityboundaries

We formulatethe problemof motion segmentatiorasregion
competition[33]. In this formulation, for N =2, the shortest
closedplanarcure is soughtthat“best” separateswo motion
regions from eachother Let , bethe domainof the mov-
ing object, and let its complement , = ¢ denotethe do-
main of the background.Clearly [ , = . LetT, be
the motion transformatiorassociatedvith ,, and Ty, that of

b- Assumetheboundary@ , of , is asmoothclosedplanar
curve. Computingthe sggmentationof theimagedomaininto
the two disjointregions , and  is equivalentto computing
theboundary@ ,.

Let ~ be a closedplanarcurwe, orientedcounterclockwise,
that we useas an estimatorof @ ,. Our goalis to nd the
optimal curve ~ andthe associateanotiontransformationg
and Ty giventheimagesl " and| "*1. By optimal we mean
f~; To; T pg thatjointly maximizethea posterioriprobability

Pl~;ToTp=fI"; 1" g] =

PO ="~ To; TolP[5 To; To=I"], (4
P[In+1=In] '

The rst factorof the numeratoris the likelihood (3) derived
from the constantintensity assumptiorfor N =2. The second
factoris thea priori probabilityof f~; T o; T ,g givenl ". Since
ourprimarygoalin this paperis to verify if reliablemotionsey-
mentationcanbe achiezedwithoutrelianceon intensitybound-
aries,we do not exploit this dependengcfor now andwe write
P~ To;Tp=I"] = P[~;To; Ty], implicitly assuminghein-
dependencef f~;T4; Tpg andl ". Furthermorewe assume
independencef ~, T, and Ty, anduniform distributions for
To andTy. Therefore,we canwrite P[~;To;Ty] / P[]
Since we wish to favor shortercurves over longer ones,we
chooseheprior P[~] to beafunctionof thelengthof ~.

Thea posterioriprobabilityin (4) thenleadsto thefollowing
continuousenegy functionalto minimize:

E[Z;To;Tb:fI”;I“"qu]:

2(To;x)dx +
R- R¢

4

2(Tp;x)dx + | k=kds;

[0:1]
5)

whereR_, theregion enclosedy ~, is theestimateof the mov-
ing object( ), while its complemenR¢ is the estimateof the
background ). Inthelastintegralabove, expressingheprior
onthelengthof ~, we have parameterized by s 2 [0; 1]. Also,
notethatthevarianceof the noiseproces$asbeenabsorbedn

L-
Since minimizing the enegy functional (5) jointly for ~,
T, and Ty, is complicated,this problemcan be decomposed
into two interleavred minimizations akin to the expectation-
maximization(EM) algorithm,assuggestedh [33].

First, givenaninitial sgmentatiorb onecansolve:
Z A

min 2(To;x)dx +

fTo;Thy Ry Rf]

2(Ty;x)dx: (6)

Notethatfor agivenb thelasttermin (5) is justa constantind
thereforecan be removed from the minimization. The above
minimizationcanbe solved easilyasit is a variantof the stan-
dardleast-squaregroblem;T , andT , canbecomputedwithin
theirrespectre domainsky, andRg.

Then,having computedhe estimated , and P, oneneeds
to solve:
z z

2(Po;x)dx + 2(P,; x)dx
R- R¢
Z
k=kds:
[0;1]

min

(7)

+ L

Performingthis minimizationcorresponds$o nding the short-
estclosedcurve ~ thatbestseparatea moving region with mo-
tion transformatior#O from anotherregion with motiontrans-
formation®y,. The EulerLagrangedescenequationgninimiz-
ing (7) areobtainedoy embedding- in a one-parametdiamily
f~(;t)g o of planecurvesconstructedy solvingthefollow-
ing evolution equation[33] (with the dependencent omitted
for simplicity of notation):

d~(s) _

T (Poi=(s) +

2(Po;~(9))

(s) n(s) (8)

wheren(s) is theunit normalto ~ ats pointingoutwardof R-,

and (s) isthecurvaturefunctionof ~ de ned asfollows:
_ Xy xy |
(S) - (X_2 + 12)3:2! (9)

wherex; y; x; y arethe rst- andsecond-ordederivativesof the
x andy component®f ~ with respecto s, respectiely.

The evolution of ~ canbeinterpretedasfollows. Assuming
the cunvatureto be zero, a boundarypoint ~(sx) undegoing
motion ¥, will inducea velocity % in the directionof the



normal r; the curve ~ will gronv englobingthe point ~(sk).
Conversely if ~(s) is apointwith motion P, then L) will
bein thedirectionoppositeto the normaln and~ will shrink,
relinquishingthe point~(si). The curvatureterm,on theother
handwill tendto straighteroutthecurve; corvexities( > 0)
will bepulledin, while concaities( < 0) will bepushedut.

Having computedb, onecannow returnto minimization(6)
andsoon. By iteratingbetweemminimizations(6) and(7) one
(hopefully)arrivesatalocal minimumof theenepy (5) atcon-
vergence.

Sincethe minimization(6) is a standardeast-squareprob-
lem, in the restof the paperwe concentrateon the problemof
estimating~ (7). Moreover, our experienceindicatesthat the
initial estimatesP, and®, canbe oftenreliably computedn-
dependentlpf any motionsegmentatiorandtheirre-estimation
may notberequired,aswill bediscussedn SectionV.

B. Sg@mentatioraccountingfor intensityboundaries

In someapplicationsthe correlationbetweemmotionbound-
ariesandintensity boundariesnay be very strongand should
be exploited. In otherwords,f~; T o; T g cannotbe deemed
independentf I " anymore andthe original prior probability
P[~; To; Tp=I"] shouldbe used. Again, assumingindepen-
denceof ~, T, andTy, conditionedon | ", anduniform distri-
butionsfor T , andT y, givenl ", theprior becomegproportional
to P[~=I"]. By requiringthatthe prior modelfor ~ seekthe
shortestcurve that alignsitself with intensity boundariespne
possibleenegy functionalis thefollowing:

E[~:To; Tp=fI"; 1" gl =

[ Zo b g]Z
2(To;x)dx +

z Rz

+ L k=kds |
[0;1]

2(T p; x)dx

R- (10)

ki1 " (~)kk=kds:
[0;1]
The last term forcesthe alignmentof curve ~ with intensity
boundariesincethe norm of the intensity gradientalong~ is
thenmaximized(“-" sign).

The minimizationof the new enegy functional (10) canbe
agpin achievediteratively. While theminimizationwith respect
to T, and Ty (6) remainsunchangedsincethe new termin
(10)is independenof them,the minimizationwith respecto ~
involvesthis new term,namely

z
E/[~=1"1= ki 1 " (~)kk=kds:

[0:1]

The evolution equationyielding a minimum of the new func-
tional (10) differs from the the evolution equationin (8) only
dueto the new term E, [~=I"]. This differencecanbe easily
computedoy minimizing thefunctionalE | [~=I"] which, bear
ing in mind that o ws alongthetangento a curve changeonly
its parameterizatioandnotits geometryandhencecanbedis-
cardedyieldstheevolution equation

a~(s) _
Sdt T

Fn
ke I "k
+  (s)krI"ka(s) ;

v (Hy ) R(s) R(s)
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whereH | is the Hessianof the imagefunction | ", and
denoteghe Euclideanscalarproduct. Thus,the completeevo-
lution equationleadingto a minimum of the functional (10) is
givenby

d~(s) _

- 2(Poi~(s) +

2(P0i~(9))

(s)
|

kr1nk

1 (H ) A(s) 1 (S)kr 1"k n(s):

(11)

Furtherpriors on ~ canbe includedaswell, constrainingthe
shapeof regionsfoundin the sggmentatiorprocessvenmore.

I1l. LEVEL-SET REPRESENTATION

Equations(8) and (11) are usually solved numerically by
discretizationof the interval [0; 1] on which ~ is de ned, thus
leadingto a representationf ~ in termsof a nite numberof
points or nodes. We choose however, to representhe curve
~ implicitly by the zerolevel setof a functionu : R> ! R.
Thenumerousadwantage®f suchanimplicit representatioare
well-known in theliterature[18], the mostimportanttwo being
numericaktabilityandtopologyindependencdndeedthedis-
cretizationof acune usinga x ednumberof nodedeadsto po-
tentially large approximatiorerrors,especiallyin the computa-
tion of derivativesof high order(suchasin curvature),depend-
ing ontheevolution of the curve. Suchdiscretizatiorproblems
do not occurwith level setssinceeachlevel setfunctionis de-

ned overadiscretegrid with uniform spacingandspatialand
temporalderivatives are computedusing nite differenceap-
proximations Also, asis well known, aclosedsimple(i.e.,non
self-intersecting)curve divides the planeinto two connected
componentspneboundedandthe otherunboundedA contour
evolution equationdoesnot allow for curve splitting andcurve
meming. Thus,duringcurve evolution, therewill alwaysbeone
“inside” andone“outside”. On the otherhand,curvesimplic-
itly de ned usinglevel setscansplitandmerge,freelychanging
topologyduringtheir evolution. In our contet, thatof motion
segmentationhowever, thereis oneessentiahdditionaladwan-
tagein usingthe level setrepresentationyhich is that region
information (pixel membership)s explicitly maintained.This
follows from thefactthataregionis representely thesupport
of the positive part of the level setfunction, its boundary— by
thezerolevel of thatfunction,andtheinterior of its complement
— by the supportof the negative part. Suchinformation, cru-
cial in any segmentationprocessjs not explicitly availablein
a contourbasedrepresentationf regions,thusrequiringaddi-
tional computationgmpactingimplementatiorcompleity and
executiontime. It is the availability of suchregion information
thatwill allow usto easilygeneralizeour equationgo the case
of multiple motions(N > 2), aswill beseenin SectionlV.

To the evolution equationof ~, suchasin (8) or (11), there
correspondanevolutionequatiorof u. Thisis shavn schemat-
ically in Fig. 1 (for the caseof two curves~;, ~,) wherean
expansion/contractioof the curve ~ becomesmplicit in the
evolution of the surfaceu (akin to a mountainemeging from
or submeging into the ocean). We thus view u as a map
u: R3 ! R, thenaw variablebeingtime t, andwe construct
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Fig.1. Equivalencebetweertheevolutionof curves~1;~2 andtheevolution of surfacesus; uz.

the partial differentialequationthat u hasto satisfy so thatits
zerolevel setsatis esthe evolution equationof ~. To achiere
suchcorrespondence, mustsatisfytwo conditions:

1) The curve ~ mustbe a level set (iso-level contour) of
u, meaningthat the value of u(x;t) atx 2 ~([0;1])
must be constantalong ~, that is u(~(s;t);t) =
u(~(s%1);t);8s;s%t. The necessargondition for this
equalityto holdis givenby:

-0 _ @@, @@ _
ds ae o

2) The level setmustbe “locked” to the curve ~ whenu
avolves in time, meaningthat the value of u(x;t) at
X = ~(s) cannotchangeovertime,thatis u(~(s;t);t) =
u(~(s;19;t9; 8s;t; t% The necessargonditionfor this
equalityto hold is thengivenby:

0: (12)

du-(s)it) . @@, @@, @ _
dt @@ @@ o
Basedon the two conditionsabove, it canbe shavn thatif the
evolution of ~ is describedy thefollowing equation

d~(sit) _ /e 1)
g - FCEns;

whereF is a function de ned on RZ, thenthe evolution of u
canbedescribedasfollows:

@i(x;1)
@

As a result, the solution curve to our original sggmentation
problemwill begivenby thezerolevel setof thefunctionu( ;t)
ast ! 1 . To simplify notation,thedependencef u ont will
behencefortrassumedbut not explicitly maintained.

In the caseof motion segmentationndependentf intensity
boundarieqSectionll-A), the evolution equationfor u corre-
spondingto equation(8) becomes:

0. (13)

(14)

= F(x)kru(x;t)k: (15)

G = 2Paix) 2Puix)+ L u(x) kruk (19)

where | is thecurvatureof thelevel setof u andis givenhby
ru

= r : 17

u (kmk) 17)

The behaior of u is explicitly statedin the above equation.
The curvatureon the right handside of the equationabore is
a diffusion term alongthe level setsof u thattendsto locally
straighteroutthelevel sets,andglobally to reducetheir length.
Neglectingthe curvaturecontrikution, we seethatfor x , apoint
with motion®, %(x) will be positve andu(x) will grow as
t! 1 ,eventuallyassigningx tofu > Og = R-. If onthe
otherhandx is apointwith motion® b, thenu(x) will decrease
ast! 1 ,eventuallyassigningk tofu < 0Og= RE.

The level setequationcorrespondingdo the curve evolution
equation(11) for motionsegmentatioraccountingor intensity
boundariegSectionll-B) is givenby:

Godo 2boix) AP+ L)
n T .n
| u(x)kf‘l k kf uk Fu Hlkf"|nk.
(18)

Thelasttermontheright handsideabove follows directly from
theequalityr u = Kk f ukn.

Thesolutionof the evolution equationg16) and(18) will be
determinedonceinitial conditionsare given, thatis, oncewe
specifyafunctionu® suchthatu(x;0) = u®(x);8x 2 . The
speci cationof appropriatanitial conditionswill bediscussed
in SectionV.

In what follows, we will considervariousextensionsof the
evolution equation(16) correspondingo motion segmentation
independentf intensityboundariesThe correspondingxten-
sionsfor the sggmentationaccountingfor intensityboundaries
can be trivially expressedby addition of the lasttermin the
right-handsideof equation(18).

IV. EXTENSION TO MULTIPLE MOTIONS

The extensionof the algorithmto the caseof multiple mov-
ing regions (N > 2) canbe achiered without going backto
the original formulation in terms of active contoursand by
consideringonly the nal level setevolution equationglerived
above in the caseof two-motionregions. The main difference
is that, contraryto thetwo-motioncasewhereasinglefunction
u could representwo distinct motion regions (the object be-
ing representedy the supportof the positive partof u, andthe
background- by the supportof the negative part),the straight-
forward extensionto multiple-motionsegmentatiorrequiresas



mary level set functionsu as there are motion regions (see
Fig. 1 for the caseof two functionsu). Eachmotion region
will thenbe representedby the supportof the positive part of
its correspondingdevel setfunction. The resulting evolution
equationwill consistof asystenof coupledpartialdifferential
equationsThecouplingwill naturallyfollow from thefactthat
thevariouslevel setfunctionswill competeagainsteachother
to claimtheir respectie regions.

Considerthefamily fu; : R®! Rgl; of functions,where
the supportof the positive partof u; representshei™ motion
region. The initial conditionfor the evolution equationof u;
representsheinitial estimateof thei-th motionregion. Gener
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lution equationgivenby

@léx) = max [ %(Pi;x)
kei;mi(rl)m 2P 2(Piix)  C]
+ Loy (X) kruk
(19)

Here,the min is de ned to be C wheneer thereis no index
k 6 i for whichuk(x) > 0.
The interpretationof the evolution equation(19) is asfol-

ally isolatedfrom one anotherat initialization, the boundaries lows. Assumethereis (at least)oneindex k otherthani such

of theseinitial regionsshouldbe encouragedo grow soasto
englobeasmary pointsaspossiblethatcanbeexplainedby the
samemotion transformation.We canconsiderthe transforma-
tion P to explainthemotionof pointx if theresidual 2(JP 1 X)
is lessthansomeconstant.This constanis adecisionthreshold
whichdependsamongotherthings,ontheobsenrationnoisein
bothimagesaswell asthe accurag with which P modelsthe
obsenedmotion.

Following (16), the evolution equatiorfor theu; shouldthen
initially be

| h |
@léx) - ( Z(bi;X) C)+ L u(X) kfuk:

Neglectingthe cunatureterm, we seethatu; will increaseor
decreasadependingon whether 2(P;;x) is smallerthan or
largerthanC.

Eventually the supportsof the positive partsof the various
functionsu; will grow andmayoverlap.If atsomeimagepoint
x thereareexactly two distinctindicesi andk for which u; (x)
andug (x) arebothpositive, thatis, x is claimedby bothtrans-
formations‘bi andJPk, thenclearlyx shouldbeassignedo the
transformationwhich bestexplainsits motion, thatis, the one
with smallerresidual 2. In this casetheevolution of u; should
bedictatedby thefollowing partialdifferentialequation:

@i(x) _
@

If, in additionto u;, two or more motion regions competefor
thesamepointx, u; shouldclaimx only if 'bi hasthesmallest
residualamongall the competingtransformationéf’k, thatis,
by consideringhedifference 2(P;;x)  2(Py;x) forall k for
whichug (x) > 0. Theevolution of u; shouldthenbegoverned
by theequation

@i(x) _
@

h i
(2(Pi;x)  2(Px) + L ou (X) kFuik:

min
k6 iu  (x)>0

2(Pi;x) f 2(Py;x)g

+ L oo (X) kiruk:

In this equation,the min operatorselectsthe transformation,
otherthan®;, which bestexplainsthemotionof x amongthose
that“claim” x, i.e., thosefor which the correspondingi func-
tionis positive.

All of theabore casesanbe summarizedn onesingleevo-

thatat x, ux(x) > 0. In otherwords, (at least)one motion
modelbesidesJPi “claims” the point x. We distinguisha few
casesow. First,in caseJPi is thetransformatiorwhich bestex-
plainsthe motion of x amongtheseothermotion modeltrans-
formations®, its motionresidual 2(JPi ; X) is lessthanthatof
the Py, andhenceis alsolessthanminig iy, (x)> 0 2(Pk;X).

Therearetwo possibilitiesnow. In case 2(JPi ;X) is alsoless
thanthethresholdC, themax operatoreturnsanegative value,
and, disregarding the effect of the curvatureterm, this tends
to make % larger, possiblymakingu; positve atx. In case
2(JPi ; X) is largerthanC however, we arein a situationwhere
motion model ¥, bestexplainsthe motion of point x among
the othercompetingmotion models,but still doesnot explain
it well enough. In this case,the max operatorreturnsa posi-
tivevalue,whichtendsto make % smaller possiblycontribut-

ing to makingu; negative. Now, in caseP; doesnot bestex-
plain the motion of x amongthe other motion modelswhich
claimx, thenits motionresidual 2(in ; X) thereis largerthan
MiNkg i.u , (x)> 0 2(Jf’k;x) andhencethemax operatowill re-
turn a positive value, makingu; eventually negative. Finally,
if thereis no index k otherthani for which u,(x) > 0, the
max operatorwill returnthe value ( 2(JPi ix)  C). u; will

thenbeencouragedo grow if 2(JPi;x) is lessthanC andwiill

be encouragedo shrink otherwise. Note that a large C will

encouragell motionregionsto grow andwill bring theminto
competitionwith eachother If C is chosertoo small,this may
never happen.

It is importantto note that the systemof evolution equa-
tions thus obtaineddoesnot necessariljeadto the maximum
a posteriori probability estimateof the motion segmentation.
Indeed,theseevolution equationsnvere obtainedby generaliz-
ing the N =2 case,yet the generalizatiorwas donein sucha
way asto locally reduceto the evolution equationgor N =2 in
someparticularsituations. Thus, the solutionof our proposed
evolution equationshouldyield areasonabl@pproximatiorto
the original Bayesianestimationproblem, sinceit reducesto
Bayesiarestimationin the two-motioncaseevery time all but
two of thelevel setfunctionsareheld x ed.

Theformulation(19)is extremelysimplein thelevel setrep-
resentatiomndwould have beenfarfrom trivial hadactive con-
toursbeenusedinstead As mentionedpreviously (Sectionlll),
thisis dueto thefactthatin thelevel setrepresentatioreachre-
gionis explicitly representedandasaresult,pixel membership
in aregionis easilyestablished.



MANSOURIAND KONRAD: MULTIPLE MOTION SEGMENTATION WITH LEVEL SETS 7

It is alsoimportantto note that the regions obtainedat the
steadystateof thesepartial differentialequationsnaynotform
a partition of theimagedomain;ambiguitiesmay persist,such
asa point simultaneoushpelongingto two or moremotionre-
gions. Corversely pointsof theimagedomainmay not be part
of ary region. The former caseoccurswheneer distinct mo-
tion transformationgxplain equallywell themotionof apoint,
while the latter occurswheneer regionsin the imageare oc-
cludedasaresultof motion,andhence ho motion canexplain
their transformation.

It is clearly possibleto avert thesescenariody considering
only N -1 functionsu; (theN™ region beingimplicitly de ned
asthe complemenbf the unionof the remainingN -1 regions)
andby further couplingthemso asto penalizeary overlap of
the supportsof their positive part. A systemof evolution equa-
tionsfor f u; gi’\':1 ! implementinghis constrainiis givenby

@i(x) _ . : .
@ - [ 2(Pi;x) kei;u”l'&Y»o 2(hy;x)]

L)+ p 1 fu;<og(X) KUk

j6i
where minge iy, (x)> 0 2(P,;x) is de ned to be 2(Py;x)
wheneer thereis no index k 6 i for which ug(x) > 0. In
this equation, 5 denotesthe indicatorfunction of the setA,
thatis, a(x) = 1forx 2 A andis 0 otherwise.The product
of all theindicatorfunctionswill be 0 if atleastoneof themis
0, thatis, if at leastone otherregion overlapswith thei® re-
gion. In this case the partial derivative % is furtherreduced,
thusrestrictingthe growth of u;. If, onthe otherhand,all the
indicatorfunctionsin the productare 1, thenthe partition con-
straintdisappearsndthe evolution equationbecomesquiva-
lent to the oneprecedingt. Onceagnin, sucha constraintcan
be naturallyincorporatedwing to the level setrepresentation
of theregions.

Note that the addition of this constraintstill doesnot guar
anteethatthe nal segmentationwill be a partition althoughit
encouragesuchan outcome.Indeed,the otherforcesdriving
the evolution of the u; (namelyresidualdifferenceand curva-
ture) can possiblyundothe partition constraint. Although we
have detailedthe partition constraintto illustratethe easewith
which the level setequationg19) canbe modi ed to accom-
modatevariousconstraintswe believe it is usefulto allow the
imagedomainnot to be coveredby the unionof regionssince,
aswe saw previously, occludedpoints are not explainableby
ary of the obsenedimagemotionsandshouldthusremainout-
sideof all motionregions.

Onefurther straightforvard modi cation of equation(19) is
alsopossibleallowing theregionsto competdor apointbefore
they even meetat that point. This is doneby remaving from
the above equationthe conditionthat the minimum be sought
overall k for whichuy > 0, andyieldsthefollowing evolution
equation:

@i(x) _
@

max [ 2(Pi;x)

min 2(P; ) 2(Piix)

k& i C]

+ L oo (X) kfuik:

As it allows regions to form without ary connectvity con-
straints,such an evolution equationseemsmore in line with

theindependencen topologyinherentin the level setmethod-
ology; however, it suffers from the importantdravback that
it inhibits region growth, even at pointswhereregionsare not
competingagainstoneanother Hence we shallnot give it ary

further consideratiorand we shall use equation(19) instead.
Furthermodi cations (suchasletting C beafunctionof x, and
thusre ecting non-stationarityof the noiseprocessarepossi-
ble but we will notdetailthemhere.

V. INITIALIZATION OF THE ALGORITHM

As mentionedin Sectionll-A, two problemsneedto be
solved iteratively one after the other: estimationof transfor
mation parametersl given an estimatedpartition b (6), and
motionsegmentatiorgivenestimatednotionparameter? (7).
In otherwords, the estimationof the motion transformations
shouldbe alternatedwith the resolutionof the systemof level
setevolution equations(19)iteratively, until boththe sequence
of estimatednotion transformation@ndthe sequencef solu-
tionsto (19) reachtheir limit points.

A very importantpoint to note hereis thatif we wereable
to accuratelyestimatethe numberof distinct motion transfor
mationsandtheir parameterindependentlyf any motionseg-
mentation,thenwe would not have to re-estimatethem with
eachnew motion sggmentationestimatein this EM-like fash-
ion, andwe could estimatethemonceandfor all beforecom-
puting the solutionto our level setevolution equations. This
would simplify the motionsegmentatiorproblemconsiderably
bothconceptuallyandcomputationally Thisis theapproaciwe
adopthere.We computemotiontransformation$ T g, , i.e.,
thenumberN of transformationgmotion classes)andmotion
parameterfor eachclassjndependentlpf ary motionsegmen-
tation; the estimatef JPi g\, thusobtainedcould beimproved
lateraccordingo the nal segmentationOnceN andf T g},
have beencomputed the level setfunctionsfu;g\, areap-
propriatelyinitialized (seebelov). Fromthenon, the system
of level set partial differential equations(19) can be numeri-
cally solvedfor the steady-statgalueof thefunctionsf u; g\, ,
yielding the desiredsggmentation.

Below, we proposea procedurefor the estimationof N and
fTig\, independentlyof ary motion segmentation,and for
theinitialization of thelevel setfunctionsf u; gi’\‘:l . We assume
thateachmotiontransformatiorr ; is afne, i.e.,y = Tix =
Aix + bj,whereA; isa2 2 matrixof non-translationatom-
ponentsf T andb; isa2-D translationvector Althoughother
more complex models,suchas projectie linear or quadratic,
could be used,we found that the af ne model was sufcient
in most cases. The initialization procedureconsistsof three
stages:

1) correspondencestimation- to identify image points
from which motionparametersanbereliably estimated,

2) motion classi cation - to group the correspondence
pointsinto separateclasseseachwith its own distinct
motion,yieldingthenumbem of distinctmotionclasses
andtheir parameter§ Tigl\; ,

3) initialization of level setfunctionsf u; g\, .



A. Correspondencestimation

Theidenti cation of imagepointsthatallow a reliable esti-
mation of motion parameterganbe donein numerousways.
Theaim s to obtainpairsof correspondingointswhich could
thenbeclassi edaccordingo motionandyield thedesiredmo-
tion parametersNotethatfor displacementsf only a few pix-
els, simpledifferentialtechniquesanbereliably usedto com-
putethesecorrespondencessinceour aim hereis to illustrate
theperformancef ouralgorithmfor long-rangenotionaswell,
we shallusemoregeneratechniquegor computingcorrespon-
dences.We considerntwo automaticschemego extractimage
pointsandestablishcorrespondencbetweenthem. We stress
thattheseareby no meanghe only schemegossibleandit is
always possibleto devise more sophisticatecand more robust
ones.

The rst andsimplerof thetwo schemesve proposes based
on block matching. It consistsof regularly subdviding the
imagel " into blocks of x ed size, and computingthe best-
matchingblocksin imagel "*! , usingasimplesumof squared-
differenceor sumof absolute-diierencemeasureln this way,
apair of points(xy ; x E” ) is constructedthe rst component
beingthe centerpoint of theblockin | ", andthe second- the
centerpointof thebestmatchingblockin | "*1 . Toremove am-
biguousmatchespnly pairscorrespondingo blocksin I " hav-
ing gray level varianceabove a certainthresholdare retained,
thatis, blocks which have sufcient gray level structure. We
dene X" = fxJgi, asthesetof centerpointsof the es-
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In order that the match be reliable, we also require that the

covariancemeasure ( x’k‘;xE”) be above a threshold,i.e.,
( Xn.Xn+l) >
ko Xk

Having found the correspondenceoints, the nal stepis
cross-@lidationto eliminate false matches. First, the corre-
spondencefrom |" to | "*! areestablishedy solving (20),
followedby establishinghe correspondencésom |1 "*1 to | ",
i.e.,by solving(20)with therole of indicesn andn+ 1 reversed.
Then,all correspondengeairsarecross-eri ed; if XE” isthe
bestmatchfor x;, andx} is the bestmatchfor x| **, sucha
pair is retained,otherwiseit is rejected. The remainingpairs
constituteanensemblef reliablecorrespondences.

B. Motion classi cation

Basedon the ensemblef reliablecorrespondencese com-
putethe differentclassef motion. We assumehatall these
motion classesanbe describedy the af ne modeldiscussed
beforeandthatthey do not deviate muchfrom arigid motion.
Thesetwo assumptiongllow usto usesimple clusteringand
considerablyeducethe compleity of theproblemwithoutlos-
ing too muchgenerality Let X = f(xJ;xp")gl, bethe
ensembleof correspondindeaturepoints. From this set, we
wishto estimatehe numberof distinctmotion classesglassify
the pairsof correspondindeaturepoints,and nally estimate
themotionparameteror eachclass.We proceedn two steps:
we performa coarseclassi cationbasedon the assumptiorof
motion rigidity, andwe follow with a re nementbasedon all

timatednon-ambiguoublocks. The pairsof correspondences s e parameters,e.,A; andb; (6-dimensionaspace).

(x™;x"*1) obtainedfor all x" 2 X" will thenbeclassi edas
describedn the next sub-section.

The second,more complex scheme pasedon featurepoint
extraction, applieswhen the image has more structure,and
usuallyresultsin more precisedisplacemengstimates.Many
methodsexist for the extraction of suchpointsfrom images.
We have optedfor the methodproposedy Harris[34], thatis
judgedto performwell in the presencef scaleandviewpoint
changeyariationof illumination, andnoiseof theimagingsys-
tem[35]. We have useda particularimplementatiorof theHar
ris operatordescribedn [36], althoughotherimplementations
or otherfeature-pointetectorsould performsimilarly.

Having foundthe featurepointsin imagesl " andl "** , we
needto establisicorrespondendeetweerfeaturepointsin both
images. To achieve this, we useexhaustve searchbasedon a
covariancemeasurdollowed by cross-walidation. Our method
hasbeeninspiredby theapproactdevelopedin [37].

LetX" = fxPgyy andX"*t = fx* g2 bethesetsof
featurepointsin imagesl " and|"*!, respectiely. Also, let
S = f(dp;dp)jd" d; dpax ; gqin d; 7™ g
be a searcharea. We evaluate the similarity betweenfea-
ture points at x and x;*! by a local covariancemeasure
( XP;xp*™) [37]. Forx} andx}**, suchthatin smallwin-
dows aroundthemimageintensitiesaresimilar, ( x;x rk”l )
attaindargevalues.Weuse asfollows: for eachfeaturepoint
xJ 2 X", we searchfor afeaturepointx;** 2 X"* located
within the searchareaS centeredatx; suchthatit maximizes

( xg;x E” ). Formally, this canbe expressedisfollows:
8xp2X": max ( xmixpth); xptt xR 2 S:(20)

ka”l 2% n+l

If two pairsof correspondindeaturepoints(x ;X *1) and

(X' x ,”*1 ) canbeexplainedby the sameaf ne transformation
T, then

+1 .
AiXE + by;

xgp = TixpH
|n AiX|n+l+biI

X! = Tix*

Sincewe assumehatthe transformationr ; is closeto arigid
motion, the distanced(x**;x["**) is closeto d(xJ;x").
Basedon this obsenration, we can perform a coarseclassi -
cationasfollows. Initially, a classG is createdand the pair
(x7;x7*") is assignedo it. Every pair (x;xp*™) 2 X such
thatjd(x7;x7) d(x]™;xp*™)j < isthenassignedo G,
where is aboundonthealloweddeviation from rigid motion.
If therearepointsin X thathave notbeenassignedo C,, anen
classG is createdandthesameprocesss repeatedor G,. The
procesgerminatesvhenall pairshave beenclassi ed. Since
we needat least3 distinct pairsof correspondingointsto es-
timateanafne transformationall classesith lessthanthree

elementarediscardedWethushave N distinctmotionclasses

pointsto theseclasses.

Note, thatthe classi cationthusobtaineds very coarsethe
classi cationcriteriondescribedabove is only anecessargon-
dition for rigid motion not a sufcient one,andit could well
happenthat pairswith far apartaf ne motionsbe assignedo
thesamemotionclass.Ontheotherhand theestimateN of the
numberof distinctmotionclassefiasbeenexperimentallyveri-
ed to beaccurategspeciallyfor highratiosof featurepointsto
motionclassesThereforeusingthe estimateN of thenumber
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of motion classesye iteratively improve theinitial classi ca-
tion usingthe K -meansclusteringalgorithm. At eachstepof

mationT; = (Aj;bj) correspondingo classG is computed
basedon the pairs(xE;xE*l) in G. Subsequentlyeachpair
(x2;xp*) of eachclassis assignedo the classGy for which
the distanced((x2; X7 % ); Gn) = kKAmxp™ + by xPkis
minimized. Theiterationsstopwheneer classegrenotaltered
arymore.

C. Initialization of functionsu;

OnceN andf ¥; g\, arecomputedthe systemof level set
evolution equationg19) canbede ned, andthesolutionto this
systemwill yield thesolutionto our motionsegmentatiorprob-
lemast ! 1 . For thissolutionto be uniquelyde ned, how-
ever, initial conditionsneedto be speci ed. More preciselythe
level setfunctionsatt = 0, i.e., the functionsf u; (:; 0)gl\; ,
needto bespeci ed.

Specifyingthe level setfunctionsf u; (:; 0)glL; corresponds
to assigninganinitial motionsegmentatiorto theimage.Since
level setevolution equationsallow topology changesit is not
necessarythat the initial sggmentationhave the sametopol-
ogy asthe nal seggmentation. Furthermore,since the pro-
posedmotion sggmentationalgorithm is not boundary-based
(the function driving the evolution is not supportedonly on
region boundaries)the initial segmentationneednot even be
closeto the nal segmentation.Thus,aslong asthe level set
functionsu; are not identically constant(in which casethere
would be no evolution), they can be quite arbitrary From a
computationapoint of view, however, the closertheinitial seg-
mentationis to the desiredsegmentationthefasterthelatteris
computed.

We proposeherea simple procedurefor de ning the level
setfunctionsf u; (:; 0)gl., usingour previous motion estima-
tion scheme Sincewe have alreadyclassi ed point correspon-
denceshy motion, we know for eachpointin correspondence
the motiontypeit belongsto. Thatis, for eachsuchpoint, we
know the particularindex k for which the level set function
uk (:; 1 ) shouldbe positive at thatpoint. Sincesuchpointsare
oftenlocatedin theinterior of motionregions,uy (:; 1 ) maybe
positivein asmallneighborhooaf thatpointaswell. Thissug-
geststhefollowing initialization scheméor the level setfunc-
tions. Thelevel setfunctionsug(:; 0) areinitially setto some

borhoodof x edsizeis constructedroundeachpointx 2 X"
(whereX " is obtainedvia block matching,or featurepoint ex-
traction,or ary otherway), andtheimagepointsin this square
neighborhoodareassumedo belongto the samemotion class

somepositive valuefor all pointsin this squareneighborhood.
We canthusimaginetheinitial level setfunctionsasbeing at,
exceptatsomenarrav elevatedplateauseachplateaudenoting
membershipn the speci ¢ motion classof thatlevel setfunc-
tion. Thegoalof segmentatioris to make theseplateausextend
(or shrink)appropriatelysothateachimagepointbelonggo the
plateauof alevel setfunction (ideally, to oneonly). Note that
insteadof these' at” plateaussigneddistancedunctionscould
alsohave beenused[18].

VI. EXPERIMENTAL RESULTS

The experimentalresultsdescribedn this sectionhave been
obtainedusingthesystemof level setevolution equationgiven
in equation(19), andaugmentedo includedependencen in-
tensityboundarie418):

@i(x) _ 209 -
a max [ 2(Pi;x)
ksi;mi&)>o 2Pl 2(Pisx)  Cl
+ oL o (X) w )K"k kFuik
'rUiTHl i © i=1;::N
keI "k
(21)

Eachequationin this systemof equationss of theform

andcanbesolvednumericallyby replacingtime derivativesby
nite differencesandspatialderivativesby appropriateapprox-
imations,assuggestedn [18]. The key ideabehindsuchnu-
mericalapproximationss to ensurethatthe numericaldomain
of dependencef a function containsits mathematicatiomain
of dependenceWe referthe interestedreaderto the literature
[18] for a moredetaileddiscussiorof numericalissuesandfor
a precisedescriptionof variousdiscretizationschemes.Note
alsothatthe highly ef cient fastmarchingalgorithmproposed
in [18] is not applicableheresincethe functionF will notnec-
essarilyhave constansignthroughouthe evolution.

After discretizationeachequationin the system(21) will be
of theform

uptt = uf +  tG]

where(i; j ) is a spatialgrid point, andwherethe superscripts
n; n + 1representheiterationindex and t thetemporaldis-
cretizationstep.Gj is thevalueatiterationn andatpoint(i; j )
of the discretizedright-hand-sideof equation(21). In orderto
obtainimage segmentationghat are purely motion-basedind
not basedon intensity boundariesthe coefcient | in equa-
tion (21) hasbeensetto 0 in all the experiments. Furthermore,
thetemporaldiscretizatiorstephasbeenchoseras t = 10 4
in all experimentsgxceptwhenspeci ed. In whatfollows, an

“iteration” refersto the computatiorof u{j”l for all imagegrid

In all experimentsthe motionresidual is computedusing
the luminancecomponenbf theimageswhich hasa dynamic
rangeof 255. In experimentsusing featurepoint correspon-
dencethe searchareaS is extendedto the whole image,and
thethreshold on covariancehasbeensetto 0.1. During mo-
tion classi cation,thebound on deviation from rigid motion
hasbeensetto 5.

A. Synthetianotion

We rst illustrate our algorithm on a real image with two
manually-insertedobjects undegoing synthetic translational
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Fig.2. (a)lmagel " with 2 manually-insertedbjects;and(b) imagel "*1 with theobjectsdisplacedtranslationamotion).

motion (Fig. 2). The backgroundsn both1" (Fig. 2(a)) and
I "*1 (Fig. 2(b)) aretakenfrom thesameamageAqua while the
objectgcameramaandhorsemanarecutoutfromimageTun-
nel (seeAcknowledgments).In imagel "*! the objectshave
beendisplacedby up to several hundredpixels as compared
to imagel ". Sincethe imagesarerich in texture, point cor
respondenceareestablishedisingthe featurecorrespondence
scheme.Correspondindeaturepoints are shavn in Fig. 3(a)
and(b), andthe correspondenceectorsin Fig. 3(c). Notethat
mostof the correspondenceectorshave beenproperly com-
puted,while a smallnumberof outliersarealsopresent.After
motionclassi cation,in whichtheseoutliersarerejectedthree
distinctmotionregionsarefound(N =4): thestaticbackground,
thecutoutof thecameramanndegoingtranslatiorupwardand
leftward, andthe cutoutof the horsemarundegoinga transla-
tion upwardandrightward.

Figs. 3(d-f) shav threemotion regionscomputedby our al-
gorithm over 3,000 iterationswith the following parameters:
C=1,000, [ =500. Note thata valueof C = 1;000 corre-
spondsto a thresholdof about33 on the absolutevalue of the
motionresiduals.In eachof these gures, the off-white areas
represenpointsthat do not belongto the correspondingno-
tion region, i.e., pointsat which the correspondindgunction u;
is negative. Pointsbelongingto the correspondingnotion re-
gion (i.e.,whereu; is positive) areshavn with theirgrayvalue.
Fig. 3(d) shavs the motion region correspondindo the back-
ground(zeromotion). Notethatall stationarypointshave been
classi ed assuch. On the otherhand,all pointsbelongingto
thetwo othermotionregions(cameramamndhorsemanhave
beenexcludedfrom the backgroundasthey correspondo un-
coveredregions. At the sametime, most, but not all, of the
points occludedby the two cutoutshave beenexcludedfrom
the backgroundas well; occludedpoints have no correspon-
denceand thus usually cannotbe explained by zero motion.
However, with theselectedhresholdC, it sohappenshatsome
pointsin the occlusionregionshave beenaccidentallywell ex-
plainedby the zero-motiontransformatiorof the background,
i.e., their squaredmotion residual 2, underzeromotion, has
beenlessthanC. Loweringthe valueof C reducegheseacci-
dentalmatchesFig. 3(e) shavs the motionregion correspond-

ing to thecameramanutout. Notethatthecutouthasbeernvery
preciselydelineatedalthoughpart of the upperright occluded
regionhasbheenclassi edin thesamemotionregionasthecam-
eraman.Hereagin, it happenghatthe motiontransformation
of the cameramaibestyields a motion residualfor this patch
which s lower thanthe thresholdC andlower thanthe motion
residualsof the othertwo motions.As canbeseenin Fig. 3(f),
the motion region correspondingo the horsemancutout has
beenvery preciselydelineated.To give anideaof how precise
thisdelineationis, Fig. 4 shavs close-up®f theoriginal cutouts
usedin creatingthe syntheticmotions,andthosefound by the
algorithm.

Fig. 5 illustratesthe evolution of the numericalsolution of
the level setpartial differentialequations.In Figs. 5(a-c), the
initial level setcontoursfor eachof thesurfacesu; (i = 1;2;3)
areshaovn superposedntol ". Eachu; is initialized to a posi-
tive valuein arectangulaneighborhoof featurepointsfrom
its class.Notethatalthoughtheseinitial contoursarecorrectly
locatedin the areasof moving objects(the motion classi ca-
tion andcontourinitialization algorithmsperformedwell) this
is notnecessargincethelevel setevolution equationsorverge
to (visually) identicalsolution(Figs.5(f)) from otherinitializa-
tionsaswell, for examplefrom aninitial rectanglein the mid-
dle of theimage. The advantageof a goodinitialization, such
asthe one hereis fastercorvergence. In Fig. 5(d), the level
setsare shawvn after 25 iterations. Note that a preciseoutline
of thecameramamandthe horsemaris alreadytakingshapeln
Fig. 5(e),thelevel setsareshowvn after 75 iterations.Numerous
blobshave alreadysplit, neged,appearedanddisappearedn
Fig. 5(f), the nal level setsareshavn after3,000iterations.

In thesecondexperimentwe have testedheaccurag of the
algorithmin caseof a more complex syntheticmotion (trans-
lation androtation). Fig. 6 shavs a pair of imagesconstructed
from Aquaand Flower with three motion regions: the static
backgroundandtwo othermotionregionsdeliberatelychosen
to “hide” verywell in thebackgroundTheseare:anellipsoidal
region aroundthe striped sh in the centertop of Fig. 6(a)and
aroundedegionwith planttexturein thelowerright partof the
samemagethatis, admittedly very hardto identify. However,
this is preciselythe point, which is to shav thatwe canaccu-
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() (d)

(b) (e)

(© (f)

Fig. 3. Resultsfor synthetictranslationfrom Fig. 2. Correspondingeaturepoints (white and black squares)n (a) imagel ", and (b) imagel "*1 ; (c)
correspondenceectorscomputediusingthe algorithmdescribedn SectionV; andtheresultingseggmentationgor (d) backgroundt us; () ®rst object+ w, and
(f) secondbjectt uz. Theoff-white areasn (d-f) correspondo u; < 0.
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Fig. 4. Enlagedobjectsfrom Fig. 3: (a) original (inserted)®rst object;(b) estimated®rst object;(c) original seconcbbject;and(d) estimatedsecondbject.

rately identify motion regionsevenwhenthey have very weak
intensity boundaries.Both regionsundego a large amountof
rotation and translation,as can be seenin Fig. 6(b). Dueto
the large amountof rotation presenthere, the feature points
andthecorrespondencédsetweerthemhave beenmanuallyes-
tablished,sinceaugmentingour currentfeatureextractionand
correspondencalgorithmto accommodatsubstantiatotation
would have beenoutsideof the scopeof this paper

Fig. 7(a) shavs the initial level setsof all threemotion re-
gionssuperposedNote thatthe manuallyassignectorrespon-
dencesare very sparse. The proposedalgorithm is applied
with exactly the sameparameterssin the translationalcase.
In Fig. 7(b), the nal threelevel setsare shavn after 3,000
iterations. Note that the two non-zeromotion regions have
beenpreciselyidenti ed, althoughthey are barely visible in
Fig. 6(a). Onceagnin, the fragmentedevel sets(left and up-
perright of theimage)correspondo occludedregions. To give
an idea of the precisionwith which the differentregions are
delineated Fig. 8(a) shaws the two cutoutsusedto construct
I" andl"*! . Thesearethe two non-zeromotion regions. In
Fig. 8(b), the backgroundayer (zeromotion) is shovn. The
two cutouts,correspondingo uncoveredregions,areexcluded
from the backgroundregion (off-white areas),while the oc-
cludedregionsarefragmentedmostpointsthereareexcluded
from the backgroundaswell, while someare assignedo the
backgroundAgain, the proportionof theses controlledby the
residualthresholdC. In Fig. 8(c), the layer correspondingo
the sh region is shovn. Note thatthe sh region itself has
beenvery accuratelydelineated. Here also, parts of the two
occludedegionshave beenwell explainedby the motiontrans-
formationof the sh region andhencehave beenassignedo it.
In Fig. 8(d),themotionregion correspondingo theplantregion
is shavn. The precisionof this motion sggmentatioralgorithm
is agpin seenin theenlagementf Fig. 9.

B. Natural motion

We have alsoappliedthe proposedalgorithmto imageswith
naturalmotion. In the rst test,we have appliedthe algorithm
to frames0 and4 of the Train sequencé€Fig. 10(a)). In this se-
guencegcameraandtrain motionsaresuperposedAs aresult,
in goingfrom frameO to 4, thewagonsmove leftward,andthe
background- rightward. Furthermorethe motion of the wag-
onshasa non-ngligible rotationalcomponent.In Fig. 10(b),
the featurepoints of frame O usedin the correspondencare
shavn. In Fig. 10(c), the estimatedcorrespondenceectors

are displayed,from which motion classesare computedsub-
sequently Following motion classi cation, only two motion
classesareretained,onefor the backgroundthe otherfor the
train. Note that contraryto the previous examples,the back-
groundundegoesnon-zeromotion. In Fig. 10(d), the initial
level setsof boththe train andthe backgroundregionsare su-
perposed.

Fig. 11(a)shawvstheresultafter20,000iterations with other
parameterdeingthe sameasbefore. Note that the outline of
thewagonshasbeernvery preciselycomputedespeciallyonthe
top boundarywithout the help of intensityboundarieg | =0).
Note also the spuriousfragmentationdue to the obsenation
noise,modelinginaccuraciesndmotion estimationerrors. In
Fig. 11(b), the resultis shavn with | =1,000 (mild regular
ization); notethat the level setcurvesare now smootherthan
in Fig. 11(a) yet still delineatethe moving regions very pre-
cisely, andthat the spuriousfragmentations considerablyre-
duced.Increasing | smoothghelevel setcurvesandreduces
this fragmentatiorfurther, ascanbe seenin Fig. 11(c), where
the resultsof sgmentationwith | =2,000(strongregulariza-
tion) areshavn. Note alsothatthe delineationof the wagons
remainsvery preciseevenfor | =2,000,althoughin somerare
occasionge.g.,the upperleft bendof the contouron the left-
mostwagon),the strongregularizationimposedeadsthe con-
tour to slightly deviate from the motion boundaries.Thereis
thusatrade-of betweertheaccurag of the motionboundaries
found andtheir compleity. In Fig. 11(d) and(e), the motion
regionscorrespondingo the backgroundandtrain regions, re-
spectvely, ascomputedn Fig. 11(c) (i.e.,with | =2,000)are
shawvn. Theartifactsattheleft andright imageextremitiescor
respondto bordereffects, i.e., regions exiting or enteringthe
image (uncovered/occludedegions). Note alsothat although
the upperboundaryof the wagonshasbeenaccuratelyidenti-
ed, thisis notsofor thelower boundaryandpartof therail is
includedin thetrain region. Thisis dueto thefactthatmotion
of therail alongitself cannotbe detectedinlesgherearemark-
ingsontherail, whichis notthe casehere(motionambiguity).
In Fig. 11(f), the computedmotion eld correspondingo the
segmentatiorin Fig. 11(c)is shavn.

In the lastsetof experimentswe apply our motion segmen-
tation algorithmto frames0 and 8 of the Pingpongsequence,
thatareshown in Fig. 12(a)and(b). In this pair, therearethree
motionregionsof interest:the staticbackgroundthe ball (up-
wardtranslationamotion),andthe hand(dovnwardrotational
motion). Sincein this caseneitherthe ball nor the background
have ary substantiafeatureswe performedthe automaticcor-



MANSOURIAND KONRAD: MULTIPLE MOTION SEGMENTATION WITH LEVEL SETS 13

(@) (d)
(b) (e)
(©) ®

Fig. 5. Evolution of zero-level setcontours:(a-c)initial contoursfor uz, uz andus (derived from threemotion classes)(d-f) contoursafter 25, 75 and 3,000
(®nal) iterations respectiely, superposedntol” .
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Fig.6. (a)lmagel " with two manually-insertedbjects;and(b) imagel "*1 with the objectsdisplacecandrotated.
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Fig. 7. Resultsfor synthetictranslationandrotationfrom Fig. 6: (a) initial, and(b) ®nal zero-level setcontours.Thefeaturepointsandcorrespondencesmong

themwereestablisheananually

respondencasingblock matchingnsteadf featurecorrespon-
dence. 56 56-pixel blocks were matchedin a 80 80 pixel
searchrange. In Fig. 12(c), the vectorscomputedusing this
schemeareshavn (oneperblock). Note thata numberof null
vectors(backgroundwerealsocomputedthat obviously can-
notbeseenin the gure. Following motionclassi cationthree
motionclassesverefound. In Fig. 12(d),theinitial superposed
level setsareshawn.

The result of our motion-basedsegmentationalgorithm is
shavn in Fig. 13. In Fig. 13(a),thesuperposetkvel setsof the
threeregions are shavn for C=1,000, | =2,000,and 20,000
iterations. As canbe seenhere,the ball, andthe background
have bothbeenpreciselydelineatedandsohasthe hand,espe-
cially at the top. Dueto the fact that the backgrounds close
to uniform, the bottompart of the handregion hasgrown into
the occludedregion underthe racket, and parts of that same
occludedregion have beenattributedto the ball region aswell.
Thisis acaseof motionambiguityandcannotberecti ed using
motioninformationalone.Increasinghevalueof thecurvereg-
ularizationcoefcient | is expectedto alleviate this problem.

Theresultof our algorithmwith | =6,000(and t = 7:10 %)

is shavn in Fig. 13(b). As can be seenhere,the computed
boundaryof the handregion is now envelopingthe handa bit

moretightly, especiallyat the bottom. Furthermorethe con-

tour fragmentationis substantiallyreduced,and the contours
are smootherthanin Fig. 13(a). In Fig. 13(c), the computed
motion eld basedon the sggmentationin Fig. 13(b)is showvn.

Notetherotationalmotionof thehandregion, with thecenterof

rotationpositionedexactly atthe elbon. Theresultingsegmen-
tation layersare shavn Figs. 13(d-f). Note the precisedelin-

eationof the ball andthe hand. Note alsothatthe handregion

includesonly the elbaw, theforearm,andtheracket, consistent
with rotationaroundthe elbow.

C. ComputationaRequiementsaand StoppingCriteria

The numericalsolutionof the systemof equationg21) can
be very intensive computationally20,000iterationsof the dis-
cretizedsystemof equationg21) onthe 720 576 Train image
shawn in the previous sectiontook almost20 hourson a 450
MHz Pentium-lllPCunderLinux. Thisis becauseo attempt
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Fig.8. (a)Insertedobjectsthataredisplacedandrotatedbetween " andl "*1 ; theresultingsegmentationgor (b) backgroundt us ; (c) ®rst object+ p and

(d) secondbbject+ uz. Theoff-white areasn (b-d) correspondo u; < 0.
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(© (d)

Fig. 9. Enlagedsyntheticobjectsfrom Fig. 8: (a) original (inserted)®rst object; (b) estimated®rst object; (c) original secondbject;and(d) estimatedsecond

object.

was madeat using specialtechniquedo reducethe computa-
tional load, nor at optimizing the code. Thereare numerous
techniqueghat canbe usedto reducethe computationaload.
Experimentsve have performedwith acombinatiorof pyrami-
dal computatiorandnarrav bandinghave allowedusto reduce
this computationaload by a factorof up to 70, with almostno
lossin sggmentatiorguality. Thus,20,000iterationsof the dis-
cretizedsystemof equationg21) canbe computedn lessthan

20 minutes,insteadof 20 hours. It is possibleto still further
improve this factorby optimizingthe codeitself, somethingve
have not addressedFor moredetailson our pyramidal/narrav
bandingschemeywe referthe readerto our recentpaperwhich
fully describeshesesxperimentg38]. Also, in theexperiments
we have describedabore, we did not useary criterionto stop
theiterations.Ratherwe computedheiteratesor a x ednum-
berof iterations(3,000in onecase20,000in anothey...). More
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Fig.10. Imagel " from naturalsequencdrain; (b) featurepointsin | " thathave correspondingointsin | "*4 ; (c) correspondenceactorscomputedisingthe

algorithmdescribedn SectionV; (d) initial zero-level setcontours.

recently we have devisedstoppingcriteriathatwe have incor-

poratednto our pyramidal/narrav bandingschemd38]. These
provide schemeso detectcorvergenceof the sequencef iter-

ates,andeliminatethe needto specifya x ed numberof itera-
tionsaltogether

VII. CONCLUSIONS

We have presentec methodfor motion-basedegmentation
of imageswith multiple moving objects. The methodis based
on an active contourformulationandsolved with the level set
methodology The nal algorithmis expressedsthe solution
of a systemof coupledpartial differential equations.The ex-
perimentsdescribedn the paperhave shavn corvincingly that
a very accuratemotion segmentationcan be obtainedwithout
relying on intensity boundaries. Also, in our experiencethe
proposedmethodperformsbetterthan often-usedVRF-based
motion segmentatioralgorithms(e.g.,[3]). Thereasorfor this
is thatin MRF-basednethodsthe problemis discretizedvery
earlyon,andhencemportantgeometricattributes,suchascur
vature,never appearexplicitly. An importantfeatureof theal-
gorithm proposecdhereis the robustnesdo the initial sggmen-
tation from which the level setequationsevolve; in particular

anaccuratenotionsggmentatiorcanbeobtainedevenwhenthe
initial sggmentatioris notclosetoit in eithershapeor topology
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(4]

(5]

(6]

(71

(8]

9]

(10]

(11]

(12]

(13]

[14]

(15]

P. BouthemyandP. Lalande, “Recovery of moving objectmasksin an
imagesequencesinglocal spatiotemporatontextual information; Opt.
Eng, vol. 32,n0.6, pp.1205+12121993.

J.Konrad,“Motion detectiorandestimatiori, in Handbookof Image and
Video ProcessingA. Bovik, Ed., chapter3.10, pp. 207+225.Academic
Press2000.

F. Dufaux, |I. Moccagtta, F. Moscheni, and H. Nicolas, “Vector
guantization-basedhotion ®eld sggmentationunder the entrogy crite-
rion,” J. is. Commun.Image Repesent, vol. 5, no. 4, pp. 356369,
Dec.1994.

S.FE Wu and J. Kittler, “A gradient-basedanethodfor generalmotion
estimationandsggmentatiort, J. Vis. Communlimage Repesent.vol. 4,
no.1, pp.25+38,Mar. 1993.

L. Robertand R. Deriche, “Dense depthmap reconstructionusing a
multiscaleregularizationapproachwhich preseres discontinuities, in
Int. Workshopon Steeoscopicand 3D Imaging, Santorini,Greece Sept.
1995,pp.32+39.

B.F. BuxtonandD.W. Murray, “Optical ow segmentatiorasanill-posed
andmaximumlik elihoodproblem’; Image is. Comput, vol. 3, no.4, pp.
163+169,1985.

D.W. Murray andB.F. Buxton, “Sceneseggmentatiorfrom visualmotion
usingglobal optimization; |EEE Trans.Pattern Anal. Machine Intell.,
vol. 9,n0.2, pp.220+228 Mar. 1987.

J.KonradandE. Dubois, “Bayesianestimationof motionvector®elds;
IEEE Trans. Pattern Anal. Machine Intell., vol. 14, no. 9, pp. 910+927,
Sept.1992.

C. Stiller, “Object-basestimatiornof densemotion®elds; IEEE Trans.
Image Process.vol. 6, no. 2, pp.234+250,Feh 1997.

M.M. Chang,A.M. Tekalp,andM.l. Sezan,“Simultaneousnotion esti-
mationandsegmentatior, IEEE Trans.Image Process.vol. 6, no.9, pp.
1326+1333Sept.1997.

A.G. Borsandl. Pitas, “Optical ow estimationandmoving objectseg-
mentationbasedon medianradial basisfunctionnetwork,” |IEEE Trans.
Image Process.vol. 7, no.5, pp.693+702May 1998.

E.MéminandP. Pérez,“Denseestimatiorandobject-basedegmentation
of the optical ow with robusttechniques$, IEEE Trans.Image Process.
vol. 7,n0.5, pp.703+719 May 1998.

(16]

[17]
(18]
(19]
[20]
[21]
[22]

(23]

(24]

[25]

[26]

[27]

(28]

J.Y. WangandE.H. Adelson,“Representingnoving imageswith layers,
|EEE Trans.Image Process.vol. 3, no.5, pp.625+638,1994.
H.S.Savhney andS. Ayer, “Compactrepresentationsf videosthrough
dominantand multiple motion estimatiorf, 1EEE Trans. Pattern Anal.
Machinelntell., vol. 18,n0.8, pp.814+830Aug. 1996.

J.A. Sethian,Level SetMethods CambridgeUniversity Press1996.

H. WangandB. Ghosh, “Geometricactive deformablemodelsin shape
modeling; IEEE Trans.Image Process.pp. 302+308Feh 2000.

O. Amadieu,E. Debreue, M. Barlaud,andG. Aubert, “Inwardandout-
ward curve evolution usinglevel setmethod, in Proc. IEEE Int. Conf
Image ProcessingOct. 1999,vol. Ill, pp.188+192.

P.D. HarperandR.B. Reilly, “Applicationsof level setmethod<or image
andvideo processing, in Proc. of the Irish Machine Mision and Image
ProcessConf, 1999.

N. ParagiosandR. Deriche, “Geodesicactive contoursandlevel setsfor
the detectionandtrackingof moving objects) IEEE Trans.PatternAnal.
Machinelntell., vol. 22,n0. 3, pp. 266+280Mar. 2000.

N. ParagiosandR. Deriche,“Geodesicactive regionsfor motionestima-
tion andtracking; in Proc.|EEE Int. Conf ComputeMsion, Sept.1999,
pp.688+694.

A. Yezzi,A. Tsai,andA.S. Willsky, “A fully global approactto image
segmentationvia coupledcurve evolution equations, J. Vis. Commun.
Image Repesent. to appearin Speciallssue: Partial Differential Equa-
tionsin ImageProcessingComputeVision,andComputerGraphics.

A. Tsai, A. Yezzi,and A.S. Willsky, “A curve evolution approachto
smoothingand sggmentationusing the Mumford-Shahfunctional; in
Proc. IEEE Conf Computenision Pattern Recanition, June2000, pp.
119+124.

A. Yezzi, A. Tsai,andA.S. Willsky, “A statisticalapproachto snales
for bimodalandtrimodalimagery’ in Proc. IEEE Int. Conf Computer
\ision, Sept.1999,pp.898+903.

N. ParagiosandR. Deriche, “Coupledgeodesiactive regionsfor image
segmentation:a level setapproacH, in Proc. EuropeanConf Computer
Vision, June2000,pp. 224+240.

M. Bertalmio, G. Sapiro,and G. Randall, “Morphing active contours:
A geometricapproacho topology-independerimagesegmentatiorand



MANSOURIAND KONRAD: MULTIPLE MOTION SEGMENTATION WITH LEVEL SETS

(@)

(b)

<<<s<<~
<<vsx

c<c<c<c<<=

(€)

19

(d)

(e)

(f)

Fig. 13. Resultsfor the Pingpongsequencefa) ®nal zero-level setcontoursfor | =2,000(strongregularizationof level setcurves),andfor (b) | =6,000(very
strongregularizationof level setcurves);(c) theresultingdensemotion®eld (subsampledtby 16); segmentationdor (d) background: w; and(e) pingpongball +
u2; and(f) hand+ us. Theoff-white areasn (d-f) correspondo u; < 0.
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