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Abstract

Imagereconstruction from irregularly-spacedsamplesis becom-
ing a pivotal elemern of advancedvideo processingand compression
tasks. Typically, irregular sample positions are due to the process
of motion or disparity compensation,and canresult in areasvoid of
data (divergert motion, occlusionsareas). Since sample positions
do not obey constraints required by irregular-sampling theorems,
alternativ e, for example approximate, reconstruction methods are
needed.In this paper, we describe an imagereconstruction method
from irregularly-spaced samplesbasedon the theory of projection
onto cornvex sets (POCS). Similarly to other POCS-basedimage
reconstruction methods our approach applies two projection op-
erators: bandwidth limitation and sample substitution. Unlike
other methods, however, our algorithm is implemented on an over-
sampled lattice. Although the method performs well, it can deal
e cien tly only with either densely-or sparsely-sampledmage ar-
eas, but not with both area types simultaneously. In order to
addressthis issue, we proposeto replace the usual linear space-
invariant Itering with linear space-ariant Itering. We develop a
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Iter adaptation strategy that selectssuitable Iter depending on
the local density of irregularly-spaced input samples. We further

improve the method by adapting Iter bandwidth to the progress
of image reconstruction. We experimertally demonstrate e cacy

of the method on disparity compensationin the context of stereo-
scopic 3-D imaging.

Key words and phrases imagereconstruction, imageinterpolation,
irregular sampling, projection onto corvex sets, motion compensa-
tion, disparity compensation, video coding
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1 INTR ODUCTION

Imagerepresenation onirregular grids nds application in variousimage
and video processing/compressioriasks. Eventually, however, irregularly-
sampledimagesneedto undergo reconstruction on a regular (typically
orthonormal) sampling grid. Among others this occurs in advanced
motion-compensatedvideo compression(but not in MPEG- or H.26X-
like compression), video frame-rate conversion, disparity-compensated
view interpolation (3-D imaging), etc. Although to date the problem
has been often circumvernted by making sure that positions under re-
construction are on a 2-D lattice, newer compressionand reconstruction
methods seekthe reconstruction of seweral frames jointly thus necessi-
tating irregular-grid represenations?® [1]. E ectiv e and e cien t image
reconstruction methods from irregularly-spaced sampleshold a key to
further advancesin video compressionand processing.

In the most general case,the grids of known (input) and unknown
(output) image samplescan ead be de ned as a regular (periodic) or
irr egular sampling grid [2]. There are four scenariosfor sampling grid
combinations of known and unknown samples(input ! output):

1. regular ! regular: simplest casewhereinterpolation Iters are
space-irvariant; for example,interpolating Iters in typical im-

1One example is multi-frame motion-comp ensated video coding. For general mo-
tion models (non-integer displacemerts), motion tra jectory passeghrough agrid point
in one image only while intersecting other images at o -grid locations. Since inten-
sity values at such locations can be inferred by means of motion compensation, the
problem is to reconstruct a regularly-sampled image from o -grid intensity values.



POCS RECONSTRUCTION OF IRREGULARL Y-SAMPLED IMA GES 3

ageup-corversion (e.g., by 2 2),

2. regular! irregular: moredicult casewhereinterpolation I-
ters are space-ariant since samplesto be recovered have vary-
ing positions relative to the regularly-spaced known samples
(the continuousinterpolating kernel has nite support, and the
coe cien ts of eat space-ariant digital Iter are samplesfrom
this kernel); for example, bilinear or bicubic interpolation [3] as
usedin backward motion compensationin video coding (MPEG
and H.26X compressionstandard families),

3. irregular ! regular: still more dicult casewhere interpola-
tion Iters are space-ariant but may not be easily speci ed
in general case;for example, forward motion-compensation in
advanced video coding/in terpolation; this is the casestudied
here,

4. irregular ! irregular : the most generalcasefor which applica-
tions have not clearly emergedyet.

The rst two casesabove have beenextensiwely treated in the litera-
ture and have found numerouspractical applications in image processing
and coding. The irregular ! regular interpolation is more di cult and
has been explored to a lesserdegree. The primary reasonfor this dif-
cult y is assaiated with the extension of Shannon's sampling theory
for regular grids to signals de ned over irregular grids. Although sud
theory has beendewveloped in the past [4, 5], and algorithms have been
proposedfor band-limited [5, 6], and non band-limited spaces[7, 8], it
imposesconstraints on the sampling grid that are too restrictiv e for the
application that we consider. In particular, the usefulnessof this theory
and of the corresponding algorithms is very limited in the caseof motion-
compensatedvideo coding or disparity-compensatedview interpolation;
theoretically derived constraints on the maximum spacing of irregular
samplesunder the perfect reconstruction condition cannot be satis ed
by arbitrarily-distributed image samplesafter motion or disparity com-
pensation.

By relaxing the perfect reconstruction condition, other methods have
beenproposed(an overview of early reconstruction methods canbe found
in [9]). The most successfulapproaceshave beenbasedon the projec-
tion onto convex sets[10, 11], polynomial interpolation [12, 13], recon-
struction using biorthogonal wavelets [14], or regularization in spline
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spaces[15]. Note, that Strohmer's approach basedon least-squaresap-

proximation using 2-D trigonometric polynomials [13] is a direct exten-
sionof an earlier e cien t 1-D reconstruction algorithm [16]. All theseap-

proachesreconstruct an approximate image, but this may be acceptable
in many applications, for examplein video compressionwhereerrors are
introducedby the coding processanyway, or in frame/view interpolation,

sincehuman eye hasa reducedspatial contrast sensitivity in the presence
of motion (temporal interpolation) or structure (view interpolation).

In this paper, we extend a method for image reconstruction from
irregularly-spaced samplesthat we have recertly proposed[17,18]. The
method is basedon the theory of projections onto cornvex sets (POCS)
[19] that had beensuccessfullyapplied in various image and video pro-
cessingtasks (e.g.,[20]). The underlying principle of our method is based
on the work by Sauerand Allebach [10], and is quite similar to that de-
veloped by Feichtinger and Grecdhenig [5], and by Sharaf and Marvasti
[12]. Howewer, the implementation of our approad is dierent from
other POCS-basedmethods as we carry it out in the Fourier-transform
domain. In this paper, we extend our original POCS-basedapproac
implemented on oversampled lattices by making one of the projection
operators (lowpass ltering) space-ariant: sparse-sampleimage areas
are forced to undergo narrower-bandwidth Itering than dense-sample
areas. This adaptation is motivated by the fact that narrowband Iters
have longer impulse response and therefore can perform a better job
\lling-in" larger image areasvoid of data. On the other hand, wide-
band lters have shorter impulse response and thus can \ll-in"  only
smaller areas, but can do so with higher delit y due to the recovery of
higher-frequencycontent. We implemert this linear space-ariant (LSV)
Itering by a bank of linear space-irvariant (LSI) Iters with switches
controlled by local density of input samples. The algorithm requiresone
extra frequency-domainimage represettation for ead additional lter;
ead represettation requires about the sameamount of memory as the
original image, but much lessthan oversampledimagesrequired in some
other algorithms. We proposea further adaptation of our algorithm by
restricting lter bandwidth in the early iterations of the reconstruction,
thus allowing early recovery of intensities in large areasvoid of data, and
gradually increasingthe bandwidth to permit higher delit y of the nal
reconstruction.

The paper is organizedasfollows. In Section2, we review the POCS-
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basedreconstruction method we had developed earlier. In Section 3, we
propose two extensionsto the original algorithm, namely spatial and
iteration-wise adaptation of the lowpass ltering operator. In Section4,
we describe an implementation of the proposedalgorithm and its exten-
sionsin the Fourier domain. In Section5 we presen various experimental
results, and we draw conclusionsin Section 6.

2 Basic POCS-based reconstruction

We rst review the POCS-basedimage reconstruction from irregularly-
spacedsamplesdeveloped by us earlier [18]. Let g= fg(x);x = (x;y)" 2
R2g describe intensity of a 2-D projection of the 3-D world onto a cortin-
uousimage plane (sensor)and let g = fg(x);x 2 g describe intensity
of a discrete image obtained from g by sampling over a lattice R2
[2]. Clearly, the domains for intensity functions g and g are R? and ,

respectively, while their range is an interval of non-negative real num-
bersupper-boundedby the dynamic range of the sensor,say R{('®*. Let's
assumethat g is band-limited:

G(f) = Ffgg= 0; for f 62 ;

whereF is the Fourier transform, f = (f1;f5)7 is a 2-D frequencyvector
and R? is the spectral support of g. If the lattice  satis es the
multi-dimensional Nyquist criterion [2], then it is possibleto perfectly
reconstruct g from g . Howewer, in the caseof irregular sampling the
standard theory is not applicable. Therefore, the generalgoal is to de-
velop a method for the reconstruction of g, not necessarilyperfect, from a
setof irregularly-spacedsamplesg = fg(x;); X; 2 R%i=1;::Kg,
where is an irregular sampling grid, such asone obtained by disparity
or motion compensation (example of a mildly-irregular grid is showvn in
Fig. 6.b). Again, the domain of g is , while its rangeis Ry"®.

We use the POCS methodology [19] to reconstruct image g. This
methodology involvesa set theoretic formulation, i.e., nding a solution
as an intersection of property sets rather than by minimization of a
cost function. Each property set is constructed in such a way that it
cortains all solutions to the problem obeying one particular property.
Therefore, an intersection of all property sets,if not null, obeysall of the
properties selected. POCS methods are iterativ e and typically project
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partial solutions onto consecutive property sets. We use the following
sets[18], that are also similar to those proposedin [10]:

1. Ap - set of all imagesg such that at x; 2 , i = 1;:;K
(irregular sampling grid) g(xi) = g (x;),

2. A; - setof all band-limited imagesg, i.e., such that G(f) = 0
for f 62.

Clearly, the set Ag contains all imageswith given intensity valueson
and arbitrary intensities elsewhere while the set A1 contains all images
with bandwidth limited to .

Assumethat the membership in Ag can be assuredby a samplere-
placemern operator R (to enforce proper image valueson ), and that
the membership in A; can be assuredby ideal bandwidth limitation
(ideal lowpass ltering) B. Clearly, both R and B are projections, and
their domain and range are R? R{J®. The iterativ e reconstruction
algorithm can be then expressedtra_]ither as _

i
g*'=BRg“=B dg+S (g ¢V; (1)

or as
g“*! = RBg“=Bg“+ S (g Bg"); )

where g¥ is the reconstructed image after k iterations and S is a sam-
pling operator that from a contin uous-cardinate image extracts values
(luminance/color) on the irregular grid . In other words, the domain
of S isR%Z RP* while its rangeis RIax (see[10] for details).

In equation (1), in ead iteration rst a replacemen is applied fol-
lowed by bandwidth limitation. Therefore, this equation, originally pro-
posedin [10], results in an approximation rather than an interpolation
of g ; the last step is always that of low-pass ltering. On the other
hand, equation (2) resultsin an interpolation sincethe last step in eath
iteration is that of sample substitution.

In order to practically implement equation (1) on a computer, a suit-
able discretization must be applied. In [10], equation (1) was imple-
mented as follows:

i
gt=Bg+ I (@ I =(g); ©)

wherethe lowpass ltering B is implemented over lattice and isapa-
rameter that allows cortrol of corvergenceand stability of the algorithm.
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Due to discretization, the domain and range of B are now R ; we
ignore intensity quantization but an extensionto nite-precision inten-
sity values, e.g., 8-bit, is straightforward. Clearly, g denotesimage g
reconstructedon  after k iterations. 1 - is an interpolation operator
(typically, bilinear) with domain R{® and range RG®; it in-
terpolates intensity valuesde ned on to . This permits calculation
of the correction term g | - (g¥) neededfor samplereplacemen R.
Also, due to the discretization of the problem, an interpolation function

| - replacesthe sampling operator S . This function interpolatesthe

correction term g | - (¢) dened on in order to recover samples
on (i.e., it maps Rg'® onto RG'®). Sauerand Allebach have
studied three interpolators | - [10]: onederived from bilinear interpo-

lation and two basedon triangulation with planar facets.

The implementation (3) of the reconstruction algorithm (1) su ers
from two de ciencies. First, by processingall imageson , i.e., the nal
reconstruction grid, there is little exibilit y in shaping the spectrum of
g¥; any practical lowpass ltering on must suppresshigh frequencies
sincea slow roll-o transition band must be usedto minimize ringing at
sharp intensity transitions. Secondly the interpolation operator | -
especially the one based on triangulation that delivers better perfor-
mance, is very involved computationally.

In our earlier work [18], we proposedan alternativ eimplemertation of
the algorithm (1). Sinceour goalis the reconstruction of image samples
obtained from motion or disparity compensation, 1/2-, 1/4- 1/8-, or
1/16-pixel precision of motion or disparity vectors usually suces. In
this case,irregular sampling is limited to locations that belongto a
P P denserlattice than , whereP is 2, 4, 8, or 16, respectively. We
proposedto implemert (1) on such an oversampledlattice as follows:

gt =B, + S.(g, ) 4)

where the bandwidth limitation operator B is implemented on p, a
P P-times denserlattice than . Clearly, is a sublattice of p [2],
e, x 2 ) X 2 p. Unlikein (3), where sample substitution is
achieved by interpolation from to (I - (g¥)) followed by another
interpolation from to (I - ), in (4) no interpolation is required.
Since the reconstruction processoccurs on the oversampledlattice p,
and sincein applications considered p, in order that the correction
term in (4) be well-de ned it is enoughto embed g into an image
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sampledon p but with zerosat x 2 p, x 62. We denote this
embedded image by g , above, where the symbol p underlines the
fact that p. In a more generalcase,when 6 p a nearest-
neighbor rounding can be applied when computing g ., as follows:

(
g (xj) ifkx; yk kxij zk,

8y:z2 DX 2
0 otherwise. y P '

g.(y)=

Note that the above rounding needsto be performedonly onceif 6 p,
and newver if p. Sincethe correction term is dened on p, in
order that samplereplacemen take placethis term must be subsampled
to p. This is achieved by the subsamplingoperator S , whosedomain
is p RJ® andrangeis p Ry¥.

Clearly, the implementation (4) is performed on a denserlattice p
after the positions of irregular sampleson  have been rst quantized
to the nearestposition on p. This avoids the cumbersomeinterpola-
tion I - wunder the assumption that a suitable value of P is selected.

Also, the bilinear interpolation | - in (3) is not neededany more as
the error (g , gkp) is computed directly on p. Instead of the two
interpolations, simple subsamplingS , is used. This brings signi cant
computational savings since the nearest-neigtbor rounding to compute
g , is performedonly onceat the beginning, whereasthe bilinear inter-
polation in (3) is neededat every iteration. The other de ciency of the
algorithm (3), namely the suppressionof high frequencies,is avoided due
to the oversampling; higher sampling frequency allows constart in-band
gain of the lter magnitude responseand gertle roll-o out-of-band. In

the nal step, g  is downsampledto to obtain g~.

3 Adaptiv e POCS-based reconstruction

Although our basic POCS-basedimage reconstruction has been shown
to perform well in various applications [17, 21, 22], we have obsened
a variation in performance depending on the density of input samples.
In order to addressthis varying performance, we proposeto adapt the
projection operator B (ideal lowpass Itering) to the density of input
(irregularly-spaced) samples. First, we discusshow to measurethe in-
put sample density and how this measurecan be usedto speedup the
corvergenceof the reconstruction algorithm.
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3.1 Sample density measurement and adaptation of the
relaxation coe cien t

As we have demonstrated in [18], the convergenceof the reconstruction
algorithm can be speededup by increasing the relaxation coe cien t
(4). In general,the greaterthe |, the fasterthe corvergencebut only up
to some max abovewhich the algorithm becomeaunstable. Experiments
with algorithm (4) have shavn that the value of s« is closelyrelated to
the properties of the irregular sampling grid p. Namely, the algorithm
has been most prone to instability in image regionswhere the irregular
sampling grid is most dense;whenincreasing above nax, the algorithm
starts to divergein those image regions where the number of irregular
samplesper unit areais the highest. Although not very intuitiv e, this
behavior is dueto the fact that the impact of the overall correction (g .
gkp) is proportional to the magnitude of correction at ead location in

p and the number of locationsin p. If the density of p is locally
high, the correction may becomeexaggeratedand lead to instabilities.
In order to allow faster corvergencebut avoid instabilit y in denserareas,
we adapt the correction term in (4) to the density of p asfollows:

h i
g*t=B g, +(=d )S . (g, d.); (5)

whered _ is a sample,de ned on p, of a function d describing local
density of input image samples (irregular). A theoretical justi cation
of weighting the relaxation coe cien t by a grid density function can be
found in [5].

The remaining issueis how to measurethe local density of grid .
In order to be a good descriptor of the local grid density, the function
d should equal 1 where p is regular, should be greater than 1 in areas
where p is denserthan , and lessthan 1 when corverseis true. Nu-
merousexperiments have shawn that the actual de nition of the function
is not critical; various functions d work almost equally well. We chose
to compute d by courting occurrencesof irregular positionsin a
squarecentered at ead point of the regular grid , where s the inter-
pixel distancein , and then by smoothing the results with a lowpass
Iter. The resulting regularly-sampled density d allows the recovery of
irregular-grid density d , by meansof interpolation. More details on
the density measuremenh and the relaxation coe cien t adaptation can
be found in [18§].
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3.2 Spatially-adaptiv e lowpass lItering

Although the adaptation of relaxation coe cient to the local sample
density d , (5) hasshawn signi cant gainsin performance[18], we have
obsened a paradox: Itering by wideband lters (operator B) resulted
in better-looking images, but lower PSNR values, than for narrower,
somewhatblurring, lters. As it turns out, wideband lters cannot II-
in gapsin sparsely-sampledareasdue to their short impulse response.
Instead, narrowband lIters with long impulse response should be used
there. Basedon this conclusion, we proposeto use LSV lowpass lter-
ing: wideband { in image areaswith average/high sample density, and
narrowband { in areaswith low sampledensity.

Implementation of LSV ltering in the spatial domain requiresa local
selectionof suitable Iter and its application by meansof the convolution
operator. However, a space-domainimplementation of the oversampled
algorithm (5) requiressigni cant amournt of memory especially for large
P's. Therefore, we opt for a Fourier-domain implementation with multi-
ple LSI lters implemented in parallel with adaptive switching between
them. Let ¢ be the passbandof the principle lowpass lter that op-

eratesin highest-density image areas. Let 1, 2, ... ; be passbands
of supplemenary lters that areto operate in successiely lessand less
denseimage areas. We assumethat n 2 1 o- The

de ciency of implementation in the frequency domain is that all image
samplesat ead iteration must be ltered by all shift-invariant Iters
with passbands j;j = 0;::;J (parallel structure), while only one nal
sampleat ead location is extracted from all Iter outputs basedond .

Clearly, the algorithm will require one extra frequency-domainimage
represenation for ead additional Iter; ead such represeriation needs
approximately the sameamount of memory asthe original image. Note
that the memory size neededby the algorithm doesnot depend on the
oversampling ratio (to imitate the corntinuous image), which is one of
the most important advantages of our approac [18]. The additional
cost of ead frequency-domain ltering is the multiplication of frequency
samplesand pruned inverseFFT. This costcan bereducedby computing
two real-valued data vectors by one FFT, where the real-valued vectors
are results of the algorithm.
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3.3 lteration-adaptiv e lowpass lItering

Although narrowband lters canbevery e ectivein\lling-in" sparsely-
sampledimage areas(due to their longer impulse response)they cannot
render more detailed texture due to the missing higher frequencies.We
propose to addressthis issue by means of iteration-adaptiv e lowpass
Itering. Early in the reconstruction we proposeto use only narrow-
band lters in order to quickly \Il-in" sparsely-sampledareas. As the
reconstruction improves, we proposeto successiely replacethe narrow-
band Iters by lIters with progressiwely wider bandwidths (up to o).
This strategy, akin to multiscale processing(although cornvergenceis not
achieved before scalechange), is expectedto reducethe nal reconstruc-
tion error due to the pass-throughof higher frequencies.

4 Implemen tation of the adaptiv e algorithm

We now detail the implementation of LSV Itering in our POCS-based
image reconstruction from irregularly-spaced samples. Let

&=(, d)=d,

be the reconstruction error de ned on p weighted by inverse of the
irregular-grid density function d .

Then, ead iteration of the adaptive reconstruction algorithm (5)
consistsof the following three steps:

1. Fourier transform of the error ek sampledon p:
n x o]
EX(f)=F P2 &(xi)) (x xi) ; (6)

X2 P

where is the Kronecker delta. This step brings the error e to
the frequency domain.

2. Update and bandwidth limitation (Gj0 =0,8j):

(G}<(f)+ EXf) f2

G!“'lf:
0 0 f62 ;.

()

Two remarks are in order here. First, note that the smaller the
0, and subsequetly all the ;'s, the fewer the samplesof EX(f)
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that needto be computed. This permits a signi cant reduction of
memory requiremerts and of computational complexity by means
of pruned FFT [23]. Secondly a simple bandwidth limitation by
zeroing parts of the spectrum leads, in the spatial domain, to oscil-
lations at sharp intensity transitions. Instead, we use lters H;j(f)
( = 0;::5;J) with bandwidth ; and a smooth roll-o between
passbandand stopband:

GI*H(f) = Hy (DIG] () + E (D) ®)

The designof Iters H;j (frequency-domainwindows) is discussed
in detail in our earlier work [18].

3. Computation of gj"+1 on p foreadj:

gt (xi) = F MG ()Gix=x2 ©)
and selection of suitable output sampleat ead x; 2 p:

8
Egg” (xi) if o d ,(xi)andk> ko,
o (xi) if 1 d,.(xi)< oandk> ki,

k+1 Xi) =
g7, (xi) §g§+l(xi) if » d.(x)< 1andk> ks,

Clearly, the LSV lter is implemented as a parallel structure of
LSI Iters with a switch at the output cortrolled by d , (x;), that
leads to spacevariance. The adaptation of lowpass ltering to
iteration number is performed by the additional thresholding of k
(ko > k1 > kz::2). Only oncek ko, are all the Iters allowed to
compete; for earlier iterations only a subsetof lters are permitted.

This operation can be very e cien tly implemented by comput-
ing the pruned inverse Fourier transform [23]. Moreover, vectors
gj"+1 (xj) neednot be physically computed. The nal reconstruc-
tion g is computed by P P-fold subsamplingofg .

More implementation details commonto the adaptive and non-adaptive
algorithms can be found in [18].
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5 Exp erimen tal results

We have tested the proposedadaptive reconstruction algorithm in a way
to facilitate comparisonwith our prior results. First, we useda stereoim-
agepair from sequence-lowerpot (seeAcknowledgmens) at ITU-R 601
resolution (Fig. 1(a)). It isasingle eld from right stereoscopicsequence
vertically interpolated in order to assureproper aspect ratio. The cor-
responding left image was usedexclusively for the purposeof estimating
a dense(pixel-based) disparity eld that inducesirregular sampling ()
in the right-image plane. Intensities on irregular grid ~ were computed
using bicubic interpolation [3]. This resulted in the irregularly-sampled
image g to which various reconstruction algorithms were applied. For
details of disparity compensationand lter designsee[18].

(a) (b) (c)

Figure 1. Testimagesused: (a) right image from the stereopair Flower-
pot (720 480pixels); (b) Bouquetimage (362 362) undergoingrotation;
and Zoneplateimage (362 362) undergoing zoom-in.

In Fig. 2, reconstruction error for the spatially-adaptiv e reconstruc-
tion algorithm is compared with that of the single- Iter POCS recon-
struction for the caseof P=4 and 8 ( = 0:7). Before we discussthese
results in detail, a word of explanation is neededon how we selected
the lter switching thresholds ; and lter bandwidths ;. First, we
computed the cumulativ e probability distribution (CPD) of the density
samplesd . Since typically only a small fraction of pixels belong to
sparsereconstruction areas,we chosea low value of CPD (for example,
0.2) and we set ¢ to the corresponding argumert (value of d ); in this
case,20% of all pixels will be characterized by d 0. Other 's were
selectedsimilarly by choosingsuccessiely lower valuesof the CPD (e.g.,
0.15, 0.1). We chose a similar strategy in selecting individual Iter's
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bandwidth relativeto . Sincesparsersampling areasrequire narrower
lters (longerimpulse response),we choseead lter's relative bandwidth
( j= o) to bethe CPD argument when the CPD equalsthe median of
all CPD values betweentwo neighboring thresholds (e.g., o and 1).
In this way, half of the samplesbetweenthe neighboring thresholds are
in-band while half are out-of-band.

The sample density measured was computed as described in Sec-
tion 3.1 and then smoothed. When d was used to adapt the relax-
ation coe cient (Section 3.1), a smoothing Iter with impulse response
[0:05; 0:17; 0:56; 0:17; 0:05] was applied, whereasin the case of spatial
and iteration-wise adaptation (Sections 3.2 and 3.3) another Iter with
narrower bandwidth was selected: (25=17) [0:05;0:17; 0:24; 0:17; 0:05].

In Fig. 2, the \1 Iter" line correspndsto the best result obtained
with single- Iter POCS reconstruction [18], while the other two lines
correspond to 2- and 3- lter spatially-adaptiv e reconstructions proposed
here. The Itering parameters were selectedas described above: for
J=1 wechose 0=0.87 and the relative Iter bandwidth (1-D supplemen-
tary/principle) 1= ¢=0.775, while for J=2 { 1=0.775/ ¢=0.915 and
the relative lter bandwidths 1= ¢=0.87, .= ¢=0.725. The band-
width Iter excesq18],related to ead lter's transition bandwidth, was
the samein all cases(0.65). Note the clear PSNR gain for P=4 (up to
1dB) due to the useof the second Iter, and a further small gain when
another Iter is introduced for the total of 3 Iters. Howewer, the intro-
duction of additional Iters results in negligible gains. Similarly to our
previous results, a higher oversampling rate (P=8) results in increased
PSNR, up to about 0.4dB as comparedto the bestresult for P=4. Fur-
ther oversampling (P=16) in caseof this spatially-adaptive algorithm
results in only a minimal additional performancegain (about 0.05dB).

As discussedearlier, although wideband Iters result, in general,in
better detail of the reconstruction, they cannot cope e cien tly with large
areasvoid of data (or with sparsedata) due to their short impulse re-
sponse. Therefore, we have proposedto augmert the spatial adaptation
with iteration-wise adaptation of the lowpass ltering. We have tested
this ideaby initially using a single narrowband lter and then expanding
it to two lters with wider bandwidths and spatial adaptation. In the
caseof J=2, this is further expandedto three lters with even wider
bandwidths and a three-way adaptation. We have usedthe same lters
asin the spatial-adaptation experiment, while the changein the number
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Figure 2: Evolution of the reconstruction error for the spatially-adaptive
algorithm with up to 3 band-limiting lters (J=2), =0.7: (a) P=4, and
(b) P=8.
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of lters occurredafter 2 iterations (ko = 2) for J=1, and after 1 (ko = 1)
and after 5 iterations (ki = 5), respectively, for J=2.

Fig. 3 shows the reconstruction error for the iteration-adaptiv e al-
gorithm for P=4. Note a clear PSNR gain (over 1dB) when using one
lter andthen two Iters (\1-2 lters"), and a further increasein PSNR
( 0.2dB) for the caseof using 1, 2 and nally 3 lters (\1-2-3 Iters").
More importantly, however, the iteration-adaptiv e algorithm performs
better than the spatially-adaptiv e algorithm (Fig. 3.b) for the same I-
ters used, although the gain is no more than about 0.2-0.3dB.

Similarly, Fig. 4 shows results for the iteration-adaptiv e algorithm
but for P=8. Note a similar behavior asin the caseof P=4, but slightly
higher PSNR; the best result for P=8 (\1-2-3 Iters") is about 0.3dB
better than the bestresult for P=4. This wasto be expectedsincehigher
oversampling typically results in more accurate reconstructions.

Finally, Fig. 5.a shows the comparison of the iteration-adaptiv e al-
gorithm at P=16 with the spatially-adaptive one. Once again, the
iteration-adaptiv e algorithm outperforms its spatially-adaptive counter-
part. As explained earlier, the improved performance of the iteration-
adaptive algorithm is due to the useof narrowband lIters early on, and
a quick \ ll-in"  of sparseareassubsequetly followed by detailed recon-
struction via wideband lters. On the other hand, persistert wideband
Itering in the spatially-adaptiv e algorithm may not be ableto e cien tly
\1-in" someareasdue to the relatively short impulse response of the
wideband lter.

In Fig. 5.b, the iteration-adaptiv e reconstruction algorithm is com-
paredin terms of the reconstruction error for di erent oversamplingrates
P. As expected, higher P results in improved performance although it
seemsthat the law of diminishing returns starts to play a role above
P=8.

In order to demonstrate visual improvemerts o ered by the spatial
adaptation, Fig. 6 shavsanirregular grid from which aregularly-sampled
image is reconstructed using xed and spatially-adaptive lters. Com-
paring these results to the original image, it is clear that in areas of
the certral and rightmost sampling irregularities the adaptive algorithm
recovers the underlying intensities more accurately; the xed algorithm
results in black \holes". Admittedly, the leftmost irregularity is su -
ciertly large to have beena problem for both algorithms.

The results above for Flowerpot image under disparity compensation
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Figure 3: (a) Evolution of the reconstruction error for the iteration-

adaptive algorithm with P =4,

=0.7, and up to 3 band-limiting

lters;

and (b) its comparisonwith the spatially-adaptive algorithm. \1-2 |-
ters" denotesthe useof a single Iter (2 iterations, kg = 2) followed by 2
lters under spatial adaptation. \1-2-3 lters" denotesthe useof a single
Iter (1 iteration, ko = 1), followed by 2 Iters (over next 4 iterations,

ko, = 5), and then 3 Iters, ead under spatial adaptation.
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Figure 5: (a) Evolution of the reconstruction error for the iteration-
adaptive algorithm and the spatially-adaptive algorithm for P =16,
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() (b)

(©) (d)

Figure 6: (a) Original image, (b) irregular grid resulting from dispar-
ity compensation (graphical depiction for P=16), and two examplesof
reconstruction after 12 iterations of: (c) single xed Iter, and (d) two
spatially-adaptive lters.

show performancegainsunder a signi cantly varying irregularity of sam-
ples. We have also tested the proposedalgorithms under more uniform
irregularities, suc as those introduced by rotation. Fig. 7 shows, re-
sults for =8 rotation of the Bouquetand Zoneplate images (Figs. 1(b)
and 1(c)). Similarly to the caseof Flowerpot, the rotation inducesa non-
uniform grid () onwhich intensity is calculated by bicubic interpolation
and usedasthe input to the tested algorithms. In Fig. 7, we are showing
the bestresults obtained using the spatially- and iteration-adaptiv e algo-
rithm, skipping comparisonsof di erent Iter combinations for the lack
of space.Note a progressionin steady-state performanceasthe oversam-
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Figure 7: Comparisonof the reconstruction error evolution for the single-
Iter and iteration-adaptiv e algorithms for three oversamplingfactor val-
ues: P=4, 8 and 16 (J=1, =0.7) on: (a) Bouquetimage (Fig. 1(b)),
and (b) Zoneplateimage (Fig. 1(c)) both undergoingrotation by =8.



22 R. STASINSKI AND J. KONRAD

pling factor P increases.Also, note a signi cantly faster convergenceof
the iteration-adaptiv e algorithm comparedto the single- Iter algorithm.
Interestingly, the gain from using P=16 instead of P=8 is signi cantly
larger (up to 6dB in early iterations and about 0.5dB in steady-state)
than that from using P=8 instead of P=4 (0.9dB at most).

6 Conclusions

We preseried a POCS approad to imagereconstruction from irregularly-
spaced samples, and we proposed two improvemerts to the original
method. We have arguedthat bandwidth-limiting Iters should undergo
bandwidth adaptation dependingon the density of irregular samples. We
have dewveloped an LSV lter to achieve this by switching between LSI
Iters of di erent bandwidths. Secondly we have obsenedthat excessie
bandwidth limitation at the early stagesof reconstruction is bene cial
to the nal reconstruction quality due to the longer impulse responseof
the narrowband lIters. We have exploited this obsenation by proposing
an iteration-adaptiv e reconstruction algorithm that starts with a single
narrowband Iter and, as the algorithm ewlves, includes more lters
into the spatial adaptation. Experimental results have shovn about 1dB
improvemert dueto the useof additional lters in the spatially-adaptive
scheme, and a further improvemen up to about 0.4dB due to iteration
adaptation. Sincethe proposedalgorithms are e cien tly implemented
in the FFT domain, their computational complexity is low enoughthat
they may be of interest to practical video coding and processing. The
authors believe that image reconstruction algorithms from irregularly-
spacedsamples, such as the one preseried here, will help in the near
future develop new compressionand processingparadigmsfor video, im-
agesequences3-D data, etc.
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